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Abstract— We consider the problem of scheduling arri val air traf�c
in the vicinity of large airports. The problem is posedas a single queue
problem, fr om which aircraft can be pulled out and put “on hold”,
in holding loops, each loop taking a �xed amount of time to traverse,
before they join the queue again. The dif�culty of deriving ef�cient
solutions to this problem (which is curr ently controlled non optimally
by human Air Traf�c Controllers) is the minimization of “idle time”
generatedby traversing an integer number of loops. We formulate this
problem as a single machine scheduling problem where we are given
N jobs characterized by releasetimes and deadlines.We are given a
processingtime and and a holding time. In a feasible schedule,each
job is assigneda starting time within a constraint set corresponding
to an integer number of processingtimes and holding times. Our goal
is to �nd feasible schedulesto alternatively minimize two objectives:
the sum of the starting times of all jobs and the makespan(the time at
which all jobs are �nished). We presentapproximation algorithms which
can alternatively approximate two objectives with factors of 5 and 3,
respectively. Our main algorithm consistsof solving two subproblems,
oneof which is solved optimally using dynamic programming, while the
other is solved approximately using linear programming relaxation and
rounding.

I . INTRODUCTION

Moti vation. The almostuninterruptedgrowth of air
traf�c in the US in the last decadeshas motivated
the designof a semi-automatedAir Traf�c Control
(ATC) systemto help Controllersmanagingthe in-
creasingcomplexity of traf�c �o w in the vicinity of
major airports.However, someof the crucial tasksof
ATC arestill performedmanually:con�ict avoidance,
and someaspectsof scheduling.In the currentATC
system,schedulingarriving �ights incominginto busy
airportsis facilitatedby CTAS [11], asoftwareusedto
computeoptimal descentroutesfor aircraft arriving
to destinationairports. The combinatorialaspectof
incomingtraf�c optimizationin the direct vicinity of
airports(i.e. up to 200 nauticalmiles beforelanding)
hasnot beenaddressedin a globalmannerto this day:
the solutionsimplementedby Controllersresult from
combinationsof proceduresestablishedandvalidated
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over time with heuristics [5]. The ATC problem
which the controllers currently solve manually is
the following: eachaircraft has an earliestpossible
arrival time, anda delayedarrival time (if it achieves
minor path deviations on the way). The aircraft is
allowed to arrive in the interval betweenthesetwo
times. Ideally, these intervals are such that there
exists an assignmentwhich guaranteesthe delivery
of one aircraft at most every � time units at the
airport. � is sometimescalled the metering time.
This problem is referred to as the single interval
problem. If suchan assignmentis not possible,ATC
decidesto put certainaircraft “on hold” in order to
meet the � meteringconstraintof the airport. The
choiceof aircraft which areput on hold today is not
optimized,but obeys experienced-basedrules (called
playbooks). This problem can be formulated as a
single machineschedulingproblem as follows. We
are given N jobs denotedby J1; J2; � � � ; JN . Each
job J j is characterizedby two nonnegative numbers
r j anddj . We aregiven two nonnegative numbers�
(processingtime), andT (holding time). In a feasible
schedule(i ) eachjob J j is assigneda starting time
� j , suchthat r j + l � T � � j � dj + l � T � � , for some
integer l � 0 which representsthenumberof holding
patternsused; (ii ) if j 6= j 0 then j� j � � j 0j � � .
Our goal is to �nd a feasibleschedulesuchthat one
of the two following objectives are minimized: the
makespanCmax = max1� j � n � j + � (the time at
whichall jobsare�nished) andthesumof thestarting
timesof all jobs

P n
j =1 � j .

Related Results. Combinatorial optimization is
emerging as a powerful tool for real time systems
applications,in particularfor Air Traf�c Control (see
for example [14], [13]). In [5], the authorsposed
the generalaircraft schedulingproblemwith holding
time. They used an integer programmingapproach
to solve the problem,usingCPLEX, andshowed the
limit of this approach(the computationaltime grows
exponentiallywith thenumberof aircraft,makingthis
approachunattractive for online implementations).In
[6], the authorspresenta polynomial time algorithm
for solving thesingleinterval case:theobjective is to
maximize� := min i<j j� j � � j 0j without putting the
aircraft on hold. In the generalcase,� < � , which



forces ATC to put aircraft on hold: the presental-
gorithm hasbeendevelopedto addressthis situation.
In [4], wepresentanimplementationof thisalgorithm
for the particular Dallas DFW airport, in a NASA-
developedsoftwarecalledTCSim.

Our problem generalizesthose studied by Dantzig
and Fulkerson [9], and Gertsbakhand Stern [12]
whereeachjob's startingtime canonly be in a single
interval [r j ; dj � �] . To �nd a feasibleschedulefor
the given jobs, one can schedulethem on parallel
identical machines.Here, the goal is to minimize
the numberof machinesneeded.One can easily see
that this problemis equivalent to our problemwhen
the objective is to minimize the numberof periods
we have to use and when all dj 2 [0; T]. The
problemcan be solved to optimality if r j = dj � �
for for j . If r j < dj � � , the complexity of the
problemis still open.This work can also be related
to the job interval selectionproblem(JISP)[8], [10].
If the maximum number of intervals required for
feasibility of our problem is known a priori, our
problem might be reduced to the JISP. However,
the number of intervals of the correspondingJISP
is O(L) where L = O(maxj dj � min j r j ), which
is an undesirablefeature.Given the similarity of our
problemwith the JISP, we believe that our problem
is NP-complete,and are currently working on the
proof. Another closely related schedulingproblem
is the one studied by Carlier [7] and Baptiste [3]
wherethe job's startingtime is restrictedto a single
interval [r j ; dj � �] andthe objective is to maximize
the number of jobs which can be scheduled.This
problemcanbe solved in polynomial time [3]. Their
resultsimply that for our problem,if all the jobs can
be scheduledin the �rst available interval for each
aircraft, the problem is polynomial time solvable.
Notice that whenthe processingtime for eachjob is
thesame,minimizing thesumof startingtimesof jobs
is equivalent to minimizing the sum of completion
times of jobs. Designing approximationalgorithms
for various schedulingproblemswith the objective
minimizing thesumof completiontimeshasreceived
considerableattention during the last decades,see
for examplean excellent survey by Chen,Pottsand
Woeginger [2].1

Our Results and Techniques.Our �rst attemptat
this problem is basedon a simple observation that
the starting time of the jobs can be restrictedto a
polynomialboundedset.Therefore,the problemcan

1However, becauseof thestructureof our problem,it seemsthat
noneof thealgorithmscanbeappliedto give anapproximationfor
our problem.In mostof the models,only releasetimesof jobs are
present,but here,eachjob has a deadline,althoughthe job can
be scheduledin a prescribedlater rangeif this deadlinecannotbe
met.

be formulatedas a constrainedassignmentproblem:
assignthe jobs to thosepossiblestartingpoints,with
the constraintsthat at most one job can be assigned
to any interval of length � . As a standardapproach,
we solve the linear programming(LP) relaxationof
this constrainedassignmentproblem.The key in our
algorithmis theroundingof theLP solutionx, which
is fractional in general,into an integer solution for
the original problem.Here we observe that there is
a way to modify the fractionalsolutionx andobtain
anotherfractionalsolution �x (which still satis�es the
constraintsof the LP) such that the corresponding
costs (both makespanand the sum of the starting
times) are increasedby a factor of at most 3 if
all r j � T . Then we constructan instanceof the
(unconstrained)assignmentproblemsuchthat �x is a
feasiblesolution of the assignmentproblemand any
integersolutionof thenew instancewill automatically
satisfy the constraintsof the original problem.Using
the fact that we can �nd an integer solution for
the (unconstrained)assignmentin polynomial time,
whose cost is not worse than that of �x, we �nd
an approximationsolution for the original problem
with guaranteederror factor if all r j � T . However,
boundingthe ratio of the algorithm if thereare jobs
with r j lessthanT requiresaninitial stepto schedule
thesejobs.

Motivatedby the resultsof Baptiste[3] that for the
single interval case,there exists a polynomial time
algorithm that can schedulethe maximum number
of jobs, we treat the jobs with r j < T separately.
We thus develop a greedy approach:we schedule
the maximum number of jobs in the �rst period
[0; T], andthenapply the above mentionedLP-based
algorithm to the rest of the jobs. Two issuesneed
to be addressed.(i ) After we schedulethe jobs in
the �rst interval, how do we boundthe optimal cost
of the rest of the jobs? Indeed,when we apply the
LP-basedalgorithm to the rest of the jobs, we are
comparingtheir cost in this schedulewith their cost
if they werescheduledby the optimumsolution.Our
proofprovidesaboundon theratioof thesetwo costs.
(ii ) Schedulingthe maximumnumberof jobs in the
�rst perioddoesnot necessarilyimply that thesumof
startingtimesof this setof jobs is minimized.Here,
we generalizethealgorithmandresultof Baptiste[3]
and apply it to the set of aircraft which can arrive
beforeT: we derive a polynomial-timealgorithmfor
the single interval problem,which schedules(feasi-
bly) the maximumnumberof jobs; furthermore,we
show that amongall feasibleschedulesthat schedule
the samenumberof jobs, the algorithm producesa
solutionthat hasthe minimum sumof startingtimes.
The algorithmis basedon dynamicprogramming.



Combining the above algorithms,we obtain an ap-
proximationalgorithm which approximatesthe opti-
mal solutionof minimizing the sumof startingtimes
with factor5. For makespan,we modify bothpartsof
the algorithmandobtaina ratio 3.

This article is organizedas follows. Section II de-
scribesthe optimizationprogramformulation of the
physical problem. Section II-A shows a trivial 2
approximationalgorithm for the casein which T �
� , which works when the objective function is sum
of arrival timesor makespan.SectionII-B providesa
high level descriptionof theapproximationalgorithm
for the sumof arrival times in the caseT > � . The
part of the algorithmwhich schedulesthe �rst setof
jobs before T (dynamic programming)is explained
in detail in SectionIII. SectionIV presentsthe part
of the algorithmwhich schedulesthe restof the jobs
after T (LP rounding) and explains how to modify
thealgorithmto provide a 3-approximationalgorithm
for makespan.

I I . HIGH-LEVEL DESCRIPTION

We call ai the earliestarrival time of aircraft i , and
bi the latestarrival time of aircraft i without holding
pattern.In theabsenceof holdingpattern,theproblem
of schedulingaircraft i in [ai ; bi ] for all i � N such
that two aircraft areseparatedby at least� is equiv-
alentto schedulingN jobs on a singlemachine,with
processingtimes � , releasetimes r i = ai , deadlines
di = bi + � . We call T the time of a holdingpattern,
andlet [aj ; bj ]+ TN :=

S 1
k=0 [aj + kT; bj + kT]. The

problemcanbe formulatedas follows:

min:
P

j 2f 1; ��� ;N g � j

s.t.: � j 2 [aj ; bj ] + T N 8j 2 f 1; � � � ; N g
j� j � � 0

j j � � 8(j ; j 0) 2 f 1; � � � ; N g2 ;
suchthat j 6= j 0

(1)

A. A Trivial Algorithm for the T � � Case

Theorem 1. The �r st come �r st servedalgorithm
below is a 2 approximationalgorithm for makespan
and sumof arrival times.

1) Sort theaircraftby earliestpossibletime of arrival:
without loss of generality, we can write a1 � a2 �
� � � � aN � 1 � aN .
2) Constructthe following schedule:

� 1 = a1

� j = minf x j x 2 [� j � 1 + � ; + 1 )\
([aj ; bj ] + TN)g 8j 2 f 2; � � � ; N g

Proof of Theorem 1: Sumof arrival times: Divide the
N aircraft into K subsets:S1 = f N 1 ; � � � ; N 2 � 1g, S2 =

f N 2 ; � � � ; N 3 � 1g, � � � , SK = f N K ; � � � ; N g, where

N1 = 1
N k = min f pjaN k � 1 + (p � N k � 1 )(� + T ) < ap g

For all k2 f 1; � � � ; K � 1g, for all j 2 Sk , thealgorithmprovides
� j � aN k + (j � N k )(� + T ). Indeed,if it were not true, we
would have a j 2 Sk suchthat � j > aN k + (j � N k )(� + T ),
which would contradictthe de�nition of N k +1 . We call c the cost
of this algorithm:

c �
P K

k =1
P

j 2 Sk
� j

�
P K

k =1
P

j 2 Sk

�
aN k + (j � N k )(� + T )

�

�
P K

k =1
P

j 2 Sk

( aN k
+( j � N k )(�+ T ))( aN k

+( j � N k )�)

aN k
+( j � N k )�

Sincewe know that OPT�
P K

k =1
P

j 2 Sk
(aN k + (j � N k )�) ,

we get the following approximationratio � for the sumof arrival
times:

� = maxK
k =1 max j 2 Sk

�
aN k

+( j � N k )(�+ T )

aN k
+( j � N k )�

�

= maxK
k =1 max j 2 Sk

�
1 + ( j � N k ) T

aN k
+( j � N k )�

�

� 1 + T
� � 2

(2)

Makespan:We know that � N � aN K + (N � N K )(� + T ). Since
the jobs have beenorderedsuchthat a1 � a2 � � � � � aN � 1 �
aN , thearrival time � �

N of aircraftN in theoptimumschedulehas
to satisfy� �

N � aN K + (N � N K )� . The approximationratio �
for makespanthussatis�es:

� �
aN K

+( N � N K )(�+ T )+�

aN K
+( N � N K )�+�

� 1 + ( N � N K ) T
aN K

+( N � N K )�+� � 2

�
B. TheCaseT > �

Before presentingour algorithm,we introducesome
notationand initial steps.

(i) Sorttheaircraftby earliestpossibletime of arrival:
without loss of generality, we can write a1 � a2 �
� � � � aN � 1 � aN .
(ii) Divide the N aircraft into K subsets:
S1 = f N1; � � � ; N2 � 1g,
S2 = f N2; � � � ; N3 � 1g, � � �
SK = f NK ; � � � ; N g
whereN1 = 1, andNk is given by
Nk = minf pjaN k � 1 + (p � Nk � 1)(� + T) < apg.
(iii) Let � k =

� S
l 2 Sk

f al + � N + TNg
	

\
[aN k ; aN k + (Nk � Nk � 1)(� + T)] for eachk. Index
the elementst i of � =

S K
k=1 � k by i2 f 1; � � � ; j� jg

in increasingorder.

Step(i) is usedfor notationalconvenience.Step(ii)
enablesus to constructa grid of polynomial size: it
separatesaircraft into groupsfor which we have at
leasta feasiblesolution(whichwecanconstructusing
the trivial algorithm of Section II-A). In step (iii) ,
the K groupsare gridded (� k ) and assembledin a
singlegrid � of sizeO

�
T
� N 2

�
. The set

S
l 2 Sk

f al +
� N + TNg is the set of earliestarrival times plus
an integer numberof T (holding patterns)and/or �
(aircraftseparation).It followsfrom Proposition1 that



Main Algorithm

1) If a1 < T , call F the set of i suchthat [ai ; bi ] \ f t jt � T g is not empty. Call [ai ; b0
i ] = [ai ; bi ] \ f t jt � T g. Schedulethe

maximumnumberof aircraft of F accordingto the algorithmof SectionIII. If this numberis equalto N , stop.
2) Solve the relaxed LP (3) for the remainingaircraft. If a1 � T , solve the relaxed LP (3) directly.

Minimize:
P

j
P

i 2 G ( j ) t i x ij

Subject to:
P

i 2 G ( j ) x ij = 1 8j 2 f 1; � � � ; N g
x ij � 0 8j 2 f 1; � � � ; N g; 8i 2 G(j )P

i 02 I ( i )
P

j x i 0j � 1 8i 2 f 1; � � � ; j� jg

(3)

where8i2 f 1; � � � ; j� jg, I (i ) = f i 0 � j� j j t i 0 � t i ^ t i 0 � t i < � g, and8j 2 f 1; � � � ; N g, G(j ) = � \ f [aj ; bj ] + T Ng.
3) Modify the x ij using the procedurex ij = TransformLPsol(x ij ).
4) Computethe integer solution ~x ij = Matching(x ij ) of the matchingproblemconstructedby the Matching procedure.The result

is a feasibleschedulefor the remainingaircraft.

the optimumschedulelies on this grid (the optimum
is sometimesreferredto as left shifted).

In the Main algorithm shown next page,I (i ) repre-
sentsthesetof aircraft for which thearrival timesare
lessthan � time units after t i , and thusnot allowed
if t i is chosenby an integer solution of (3). G(j )
representsthe set of i such that t i is available for
aircraft j . We call n thenumberof aircraft scheduled
before T by the algorithm of Step 1 of the Main
Algorithm, and m = N � n the numberof aircraft
scheduledafter T. We usethe following notation:

C(n) costof schedulingn jobs beforeT with
Step1 of the Main Algorithm
(costmeanssumof arrival times)

C(LP ; m) min. costof relaxed LP (3) for the m jobs
C(I P; m) min. costof a feasibleinteger solution to

(3) for the m jobs
C(x; m) costof the fractionalsolution (for the

m jobs) x ij of (3) producedby Step3
of the Main algorithm

C( ~x; m) costof the fractionalsolution (for the
m jobs) ~x ij producedby Step4 of the
Main Algorithm

OPT(m) costof the m jobs whenthey are
scheduledby the optimal solutionOPT

OPT(n; �rst ) costof the �rst n jobs whenthey are
scheduledby OPT

OPT(m; last) costof the last m jobs whenthey are
scheduledby OPT

Lemma 1. Consider the jF j aircraft of F (Step1
of the Main Algorithm). Step1 schedulesthe largest
numberof themin

S jF j
i =1 [ai ; b0

i ], with minimumsumof
arrival times.Thecomplexity of Step1 is O(jF j9).

Lemma 2. Thesumof startingtimesfor them = N �
n other aircraft scheduledafter T is boundedabove
by 5 � OPT(m; last). The complexity of scheduling
thesem aircraft is dominatedby solving the LP (3).

Theorem 2. The Main Algorithm has a 5-
approximationratio for the sumof arrival times.Its
complexity is O(N 9), and is dominatedby Step1 of
the Main Algorithm.

Proof of Theorem 2: Let cn be the cost of the n jobs
scheduledbefore T by Step 1. Let cm be the cost of the m

jobs scheduledafter T by Step4. By Lemma1, we have cn �
OPT(n; �rst ). By Lemma2, we have cm � 5� OPT(m; last). Now
combiningthe two boundsfor cn andcm , we get:

cn + cm � OPT(n; �rst ) + 5 � OPT(m; last)
� 5 � OPT

The complexity of Step 1 is O(jF j9 ). The worst caseis when

jF j = N (all jobs can be scheduledin F ), thereforethe com-

plexity of Step 1 is O(N 9 ). The complexity of the other steps

is determinedby solving the linear program (3), so the overall

complexity is O(N 9 ). �

I I I . DYNAMIC PROGRAMMING ALGORITHM FOR

STEP 1 OF THE MAIN ALGORITHM

We call jF j = f 2 N. We are given a set of time
intervals [r i ; di ], i 2 f 1; � � � ; f g, and assumethat
the di have beensortedin chronologicalorder:d1 �
d2 � � � � � df . A schedulef t i gi 2f 1;��� ;l g is saidto be
admissibleif for all i in f 1; � � � ; lg, t i � r i (jobsstart
aftertheir releasetime), t i + � � di (jobsare�nished
beforetheir deadline),and8i 6= j , jt i � t j j � � (jobs
areseparatedby � ). For l given (l � f ), we want to
computemin

P l
p=1 t i p , the minimum of the sum of

startingtimesof l of the f jobs.

De�nition 1.
� We call � = f t j 9i 2 f 1; � � � ; f g; 9l 2
f 0; � � � ; f g; such that t = r i + l� g.
� We call Uk (s;e) = f J i j i � k and s � r i < eg
the setof jobs of index lessthan k releasedbetween
s and e.
� For a given l, we call Ck (s;e;l ) the minimum
sum of starting times among the set of admissible
schedulescontainingl jobs in Uk (s;e), which satisfy

(i) for all i , t i � s + �
(job i startsafter s + � )

(ii) for all i , t i + � � e
(job i is processedbefore e)

(iii) for all i , t i 2 �
(starting timesare in � ).

We poseCk (s;e;l ) = + 1 for all l > k.

Proposition 1. There existsan optimalschedulesuch
that t i 2 � for any i scheduled.



The proof is an extensionof Carlier [7], Baptiste[3].

Proposition 2. Ck (s;e;l ) can be computedrecur-
sivelyby the following formula:

Ck (s;e;l ) = Ck � 1(s;e;l )

if r k =2 [s;e) for the kth job Jk , and

Ck (s;e;l ) = min
�

Ck � 1(s;e;l ) ;

min (Ck � 1 (s;s 0;l � q)+ s0+ Ck � 1 (s0;e;q � 1))
s0 2 �
1 � q � l � 1
max( r k ; s + �) � s0 � min( dk ; e) � �

�

otherwise.

Proof of Proposition 2: PleaseseeAppendix.

Proof of Lemma 1: The aircraft schedulingproblemcan
be transformedinto a job schedulingproblemby letting r i = ai
and di = b0

i + � , for i 2 F , as de�ned in the Main Algorithm.
We call f = jF j. For notationalconvenience,we canrelabelthese
jobs from 1 to f . Note that f canrangefrom 1 to N . We cannow
apply Proposition2. For all k; s; e; l , suchthat

k � f
s � min f

i =1 r i � �
e � max f

i =1 di
l � f

onecancomputerecursively Ck (s; e; l ), and �nd l0 , the largestl
suchthat Cf (min f

i =1 r i � � ; max f
i =1 di ; l0 ) is �nite.

k and l range from 1 to f , e and s are on the grid � of

Proposition1, thus they are in a set of size O(f 2 ). The size of

the dynamicprogramtableto build is thusO(f 6 ). In building the

table,we take the minimum over a set of size O(f 3 ), sinceit is

indexed by s0 2 � andq2 f 1; � � � ; l � 1g. Thus,the total costof

the algorithmis O(f 9 ). �

IV. L INEAR PROGRAMMING BASED ALGORITHM

FOR STEPS 2-3-4 OF THE MAIN ALGORITHM

This section summarizessteps 2-3-4 of the Main
Algorithm. We �rst solve the relaxed LP (3). This
LP is a constrainedassignmentproblem:aircraft j are
assignedarrival timest i ; thelastconstraintmeansthat
any integer solution of this problemcan only assign
onet i every � (by de�nition of the interval I (i )). In
the relaxed version,it meansthat the x ij (fractional
assignments)sumto at most1 over a periodof � .

The fractional solution x is transformedto another
fractionalsolutionx by the procedureTransformLP-
sol (illustrated in Figure 1). The fractional solution
is decomposedinto setsof t i suchthat t i 2 [qT; (q+
1)T), whereq 2 N. Eachof thesesetsis decomposed
into chunksof length� . Figure1 shows oneof these
intervals(eightchunksof length� , andthelastchunk
of lengthlessthan� ). Thex ij in eachof thesechunks

is shifted by (2q � 2)T or (2q � 1)T dependingon
parity, in orderto insertidle timeof length� between
the correspondingchunks(seearrows in Figure 1).
Becauseof the lastchunk(interval f i �

9 ; � � � ; i �
q+1 g in

Figure 1), it is necessaryto insert a period of idle
time of length at least � after the highest shifted
x ij (the black chunk coming from f i �

8 ; � � � ; i �
9 g in

Figure 1). This is done by adding a full interval
[3qT; (3q + 1)T) of idle time after 3qT. This is not
optimal,but enablesus to constructx systematically.
The result is another fractional solution x which
satis�es (3) and has idle time periodsof length �
alternatingwith non idle time periodsof length � .
This meanssetsin which �x ij = 0 for t i ranging in
aninterval of length� alternatewith setsof thesame
lengthwith nonzero�x ij .

The procedureMatching takes the new fractional
solution x, and constructsa feasible instanceof a
weightedassignmentproblem.An illustrationis given
in Figure 2. Every chunk f i �

m ; � � � ; i �
m +1 � 1g with

nonzerox ij is reducedto a single node indexed by
r . Any aircraft j which has one (or more) nonzero
x ij with i 2 f i �

m ; � � � ; i �
m +1 � 1g is now linked to r

(Figure2 right). Theweighton thecorrespondinglink
is thesmallestt i with nonzerox ij in f i �

m ; � � � ; i �
m +1 �

1g. For example in Figure 2 right, the weight on
the link r ! (j � 1) is t27 becausein Figure 2
left, node j � 1 was such that x27, x29 and x35

arenonzero.The correspondingweightedassignment
problem is (4). A fractional feasible solution ~x is
obtainedfrom x by adding all x ij emanatingfrom
the samechunktowardsaircraft j . We know that (4)
hasanintegeroptimal,which is thereforelessor equal
to our fractionalfeasiblesolution.We cannow prove
Lemma2 (notationsarede�ned on page5).

Proof of Lemma 2: Let us call cm the cost of the m
jobs scheduledafter T . For eachof thesejobs, we computean
upper bound of the ratio by which the cost is increasedby the
procedureTransformLPsol for eachnonzerox ij . The minimum
cost C(I P; m) of schedulingthe m jobs after T is lessthan the
costof schedulingthesem jobs within OPT andshifting themby
T . Therefore:

C(LP ; m) � C(I P; m) � OPT(m) + mT

Let usde�ne B q asthesumof fractionalx ij in interval [qT; (q+
1)T ):

B q =
X

i :qT � t i < ( q+1) T

X

j

x ij :

Let us call r the largestq suchthat B q 6= 0. By constructionof
the LP (3), we have

rX

q=1

B i = m and
rX

q=1

B q � qT � C(LP ; m)

Let us de�ne C(B q) as the cost of the fractional LP solution of
(3) correspondingto the interval [qT; (q + 1)T ). As shown in
Figure1, the amountby which x ij is shifted is either (2q � 2)T
or (2q � 1)T , and thereforethe increasein cost of the x ij in
interval [qT; (q + 1)T ) due to the procedureTransformLPsol is



ProcedureTransformLPsol
Input: fractionalsolutionx ij of (3).
Output: x ij , anotherfeasiblefractionalsolutionof (3).

Performthe following assignment:
� x ij = x i 0j wheret i = t i 0 + (2q � 2)T , if 9q � 0, 9l � 0, suchthat l < b T

� c is even, andt i 0 2 [qT + l � ; qT + (l + 1)�) or
suchthat l = bT

� c is even, and t i = t i 0 + (2q � 2)T for t i 0 2 [qT + l � ; (q + 1)T ).
� x ij = x i 0j wheret i = t i 0 + (2q � 1)T , if 9q � 0, 9l � 0, suchthat l < b T

� c is odd, and t i 0 2 [qT + l � ; qT + (l + 1)�) or
suchthat l = bT

� c is odd, and t i = t i 0 + (2q � 1)T for t i 0 2 [qT + l � ; (q + 1)T ).
The two last itemscorrespondto the last (incomplete)chunkof [qT; (q + 1)T ).
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Fig. 1. Illustration of the procedureTransformLPsol. This proceduretransformsthe feasiblefractional solution x = x ij of (3) into
anotherfeasible fractional solution x = x ij with idle time. Half of the fractional x ij in the interval [qT; (q + 1)T ) is shifted to
[(3q� 2)T; (3q� 1)T ) (shift by (2q� 2)T ), andtheotherhalf to [(3q� 1)T; 3qT ) (shift by (2q� 1)T ). The interval [3qT; (3q+ 1)T )
is empty for now; this is a wasteof space,but this enablesus to satisfy the constraintsof (3) for the part of the fractional solution
betweeni �

Q (i 9 on the �gure) and i T
q+1 .
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Fig. 2. Illustration of the procedureMatching. This proceduretransformsthe feasiblefractionalsolutionx ij into a weightedmatching
problem.In the fractionalLP solution,only the nonzerox ij are represented(solid if they are in the rangeof the �gure, dashedif they
connectaircraft with arrival timesoutsidethe �gure). On the right plot, the weightsarethe arrival timesfrom the fractionalLP solution:
for example,� r j � 1 = t27 .



ProcedureMatching

Input: fractionalsolutionx ij of (3).
Output: integer solutionof a matchingproblemsolving (3).

1) Constructthe following setof � qj :
q = 1, r = 1
while 9t i > qT such that 9j 2 f 1; � � � ; N g such that x ij 6= 0

i �
1 = i T

q , m = 1
while i suchthat t i = t i �

m
+ � is lessthan i T

q+1

i �
m +1 = i suchthat t i = t i �

m
+ � , r = r + 1

for j = 1 to N
if 9i 2 f i �

m ; � � � ; i �
m +1 � 1g s.t. x ij 6= 0

� r j = min f t i j i 2 f i �
m ; � � � ; i �

m +1 � 1g; x ij 6= 0g end if
end for

end while
for j = 1 to N

if 9i 2 f i �
m ; � � � ; i T

q+1 � 1g s.t. x ij 6= 0
r = r + 1, � r j = min f t i j i 2 f i �

m ; � � � ; i T
q+1 � 1g; x ij 6= 0g end if

end for
q = q + 1

end while
for all j , call H (j ) the setof r for which � r j hasbeenassigned.

2) Solve for the integral solution ~x ij of the following weightedmatchingproblem:

Minimize:
P

j
P

q2 H ( j ) � qj ~xqj

Subject to:
P

q2 H ( j ) ~xqj = 1 8j 2 f 1; � � � ; N g
0 � ~xqj � 1 8j 2 f 1; � � � ; N g; 8q 2 H (j )P

j ~xqj � 1 8q 2
S N

j =1 H (j )

(4)

at mostB q � (2q � 1)T . Thus,we have the following upperbound
on the costcm of the m jobs scheduledafter T by our algorithm.

C(x; m) �
P r

q=1 (C(B q) + B q � (2q � 1)T )
= C(LP ; m) +

P r
q=1 B q � (2q � 1)T

� OPT(m) + mT +
P r

q=1 B q � (2q � 1)T
= OPT(m) + 2

P r
q=1 qB qT + mT

�
P r

q=1 B qT
= OPT(m) + 2

P r
q=1 qB qT

� OPT(m) + 2C(LP ; m)
� OPT(m) + 2 (OPT(m) + mT )
� 3 � OPT(m) + 2mT
� 5 � OPT(m; last)

cm is the optimal solutionof the weightedmatchingproblem(4)

obtainedby theprocedureMatching. We know [1] thatthereexists

at leastoneintegral solutionwhich achievescm , which we can�nd

in polynomial time. Thus,for this solution,cm � C(x; m) �

Theorem 3. The algorithm below is a 3-
approximationalgorithm for makespan.

Proof of Theorem 3: If Carlier's algorithmschedulesthe

N aircraftbeforeT , it follows from [7] that this scheduleprovides

theoptimummakespan.If n < N , Carlier's algorithmimplies that

it is not possibleto scheduleN aircraft in [0; T ]. Thereforethe

optimum makespanC �
max satis�es C �

max > T . Applying Steps

2-3-4 directly providesa feasiblesolutionC max . A similar proof

as for Lemma2 provides the ratio 3 for makespan. �

V. SUMMARY

We formulatedthe problemof air traf�c scheduling
near large airports as a single machinescheduling
problem, which to our best knowledge is new, de-
spite similarities with other known problems.Our
�rst algorithm minimizes the sum of arrival times

(and therefore the sum of delays). It provides an
approximationratio 5 for the sum of arrival times,
and for the sum of delayswhen all aircraft have the
possibility to arrive simultaneouslyat time zero.The
secondalgorithm minimizes the makespan,(i.e. the
arrival time of the last aircraft) with approximation
ratio 3.

1) In Step1, replacethe algorithm of sectionIII by
Carlier's algorithm[7]. If this algorithmschedulesN
aircraft, Stop. Else, apply Step 2 directly to the N
aircraft.
2) In step2, given Cmax , let us replace(3) with the
following feasibility problem:

P
i 2 G ( j ) x ij = 1 8j 2 f 1; � � � ; N g

x ij � 0 8j 2 f 1; � � � ; N g; 8i 2 G(j )P
i 02 I ( i )

P
j x i 0j � 1 8i 2 f 1; � � � ; j� jg

(5)

where 8i2 f 1; � � � ; j� jg, I (i ) = f i 0 � j� j j t i 0 �
t i ^ t i 0 � t i < � g, and 8j 2 f 1; � � � ; N g, G(j ) =
� \ f [aj ; bj ] + TNg \ [0; Cmax ]. If there exists a
fractional solution to the set (5) of constraintswith
correspondingCmax -dependentG(j ), it represents
a fractional scheduleof makespanless than Cmax ,
which provides a lower bound on the makespanof
the original problem.We can computethe smallest
possibleCmax solving (5) to � using bisection.(In
fact,we cancomputeit in O(log j� j) bisectionsteps,
sincethe total numberof grid points is j� j.)
3,4) Steps3 and 4 are identical with those in the
Main Algorithm. The complexity of the algorithmis
dominatedby the solutionof the LPs (5) and(4).
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Appendix: Proof of Proposition 2

Case1: r k =2 [s; e)

We have Jk =2 Uk (s; e) by de�nition of Uk (s; e). We know that
Uk (s; e) � Uk � 1 (s; e) + f Jk g. SinceJk =2 Uk (s; e), this implies
Uk (s; e) � Uk � 1 (s; e). The reverse inclusion Uk � 1 (s; e) �
Uk (s; e) holds by de�nition of Uk (s; e), and we thereforehave
Uk (s; e) = Uk � 1 (s; e). By de�nition of Ck (s; e; l ), this implies
that Ck (s; e; l ) = Ck � 1 (s; e; l ).

Case2: r k 2 [s; e)

We have Jk 2 Uk (s; e). We call

C0 = min
�

Ck � 1 (s; e; l ) ;

min (C k � 1 ( s;s 0;l � q)+ s0+ C k � 1 ( s0;e;q � 1) )
s0 2 �
1 � q � l � 1
max(r k ; s + �) � s0 � min( dk ; e) � �

�

We prove that C0 = Ck (s; e; l ) in two steps.

Step 1: C0 � Ck (s; e; l ).

� If C0 = Ck � 1 (s; e; l ), the inclusion Uk � 1 (s; e) � Uk (s; e)
implies C0 = Ck � 1 (s; e; l ) � Ck (s; e; l )

� If C0 = Ck � 1 (s; s0; l � q) + s0+ Ck � 1 (s0; e;q � 1) for some
s0 andq achieving themin, we separatethe jobs into threesubsets:
X , the l � q �rst jobs; job Jk ; andY , thesetof q� 1 jobsafters0.
We �rst show that X [ Y [ f Jk g � Uk (s; e).

1) 8j 2 X , J j 2 Uk � 1 (s; s0) � Uk (s; s0) � Uk (s; e).
2) 8j 2 Y , J j 2 Uk � 1 (s0; e) � Uk (s0; e) � Uk (s; e).
3) Jk 2 Uk (s; e) by assumption.

Therefore,X [ Y [ f Jk g � Uk (s; e), and jX j + jY j + 1 =
l � 1 + q � 1 + 1 = l . From this, we seethat X [ Y [ f Jk g is a
particularelementof the setamongwhich the min is taken in the
de�nition of C0 above. Therefore,C0 � Ck (s; e; l ) which is the
min amongall elementsof this set.

Step 2: C0 � Ck (s; e; l )

Call B the instantiationof the l jobs which realizesCk (s; e; l ).

� If Jk =2 B , then B � Uk (s; e)nf Jk g � Uk � 1 (s; e), and
jB j = l . B is also an instantiation of Ck � 1 (s; e; l ), there-
fore Ck (s; e; l ) � Ck � 1 (s; e; l ). By de�nition of C0, we have
Ck � 1 (s; e; l ) � C0. ThereforeCk (s; e; l ) � C0.

� If Jk 2 B , we �rst show that 8j 2 Y , r j > s0, wheres0 is the
startingtime of job Jk .

Let j be in Y. Assume r j � s0. We know that r k � s0

by construction.We know that j � k, becauseJ j 2 Y (and
Y � B � Uk (s; e); in Uk (s; e), all jobs have index lessthank).
By assumption,the deadlineshave beenindexed chronologically,
therefore,dj � dk . Call z the completiontime of job j . We have
dj � z. Summarizingall informationabove, this meansthat both
J j andJk canstart at s0 and �nish at z. ThereforeswitchingJ j
andJk is possibleandwill not changethesumof thestartingtimes
of all jobs. The conclusionof this paragraphis that any job of Y
with releasetime lessthan s0 can be put in X without change of
cost. We canthereforeassumethatall jobsJ j of Y have a starting
time r j > s0

Let J j be in Y . BecauseJ j 2 Uk (s; e), j � k. Since
J j 2 Y , J j is scheduledafter Jk by the previous paragraph.
Therefore,j � k � 1. This implies J j 2 Uk � 1 (s0; e). Therefore
Y � Uk � 1 (s0; e). Let us call C(Y ) the cost of schedulingall
jobs of Y (C(Y ) is the sum of their starting times). C(Y ) �
Ck � 1 (s0; e; jY j) by de�nition of C� (; �; �; �). For X , similarly,
J j 2 X � B � Uk (s; e) implies r j � s.

Also, r j < s0 (becauser j � s0 � � ). j 6= k becauseJ j 2 X ,
thereforej � k � 1. From this we deduceX � Uk � 1 (s; s0).
This implies C(X ) � Ck � 1 (s; s0; jX j) whereC(X ) is the cost
of schedulingthe jobs of X .

C(X ) � Ck � 1 (s; s0; jX j)

C(Y ) � Ck � 1 (s0; e; jY j)

Therefore,writing explicitly thecontributionsof thedifferentterms
in B , we have:

Ck (s; e; l ) = C(X ) + s0 + C(Y )
� Ck � 1 (s; s0; jX j) + s0 + Ck � 1 (s0; e; jY j)
� C0

The last inequalityresultsfrom themin in thede�nition of C 0.�


