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Abstract— we consider the problem of schedulingarrival air traf c

in the vicinity of large airports. The problem is posedas a single queue
problem, from which aircraft can be pulled out and put “on hold”,
in holding loops, each loop taking a xed amount of time to traverse,
before they join the queue again. The dif culty of deriving ef cient
solutions to this problem (which is currently controlled non optimally
by human Air Trafc Controllers) is the minimization of “idle time”
generatedby traversing an integer number of loops. We formulate this
problem as a single machine scheduling problem where we are given
N jobs characterized by releasetimes and deadlines. We are given a
processingtime and and a holding time. In a feasible schedule,each
job is assigneda starting time within a constraint set corresponding
to an integer number of processingtimes and holding times. Our goal
is to nd feasible schedulesto alternatively minimize two objectives:
the sum of the starting times of all jobs and the makespan(the time at
which all jobs are nished). We presentapproximation algorithms which
can alternatively approximate two objectives with factors of 5 and 3,
respectvely. Our main algorithm consistsof solving two subproblems,
one of which is solved optimally using dynamic programming, while the
other is solved approximately using linear programming relaxation and
rounding.

I. INTRODUCTION

Motivation. The almostuninterruptedgronth of air
trafc in the US in the last decadeshas motivated
the designof a semi-automatediir Trafc Contol
(ATC) systemto help Controllersmanagingthe in-
creasingcompleity of trafc  ow in the vicinity of
major airports.However, someof the crucial tasksof
ATC arestill performedmanually:con ict avoidance,
and someaspectf scheduling.n the currentATC
systemschedulingarriving ights incominginto busy
airportsis facilitatedby CTAS [11], asoftwareusedto
computeoptimal descentroutesfor aircraft arriving
to destinationairports. The combinatorialaspectof
incomingtrafc optimizationin the directvicinity of
airports(i.e. up to 200 nauticalmiles beforelanding)
hasnot beenaddresseth a globalmannerto this day:
the solutionsimplementedby Controllersresultfrom
combinationof procedure®stablishecndvalidated
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over time with heuristics [5]. The ATC problem
which the controllers currently solve manually is
the following: eachaircraft has an earliest possible
arrival time, anda delayedarrival time (if it achieves
minor path deviations on the way). The aircraft is
allowed to arrive in the interval betweenthesetwo
times. Ideally, these intenals are such that there
exists an assignmentwvhich guaranteeghe delivery
of one aircraft at most every  time units at the
airport.  is sometimescalled the metering time
This problem is referred to as the single interval
problem If suchan assignments not possible, ATC
decidesto put certainaircraft “on hold” in orderto
meetthe  metering constraintof the airport. The
choiceof aircraft which are put on hold todayis not
optimized,but obeys experienced-baserlles (called
playbook$. This problem can be formulated as a
single machineschedulingproblem as follows. We
are given N jobs denotedby Jq;J;; ;Jn. Each
job J; is characterizedy two nonnegative numbers
r; andd;. We aregiven two nonngative numbers
(processingime),andT (holdingtime). In afeasible
schedule(i) eachjob J; is assigneda startingtime
j,suchthatrj+1 T ; d+1 T ,forsome
integerl 0 which representshe numberof holding
patternsused; (i) if j 6 jOthenj; o .
Our goalis to nd a feasibleschedulesuchthat one
of the two following objectives are minimized: the
makespanCmax = Maxy j n j + (the time at
whichall jobsarqmished) andthe sumof thestarting

, : n
timesof all jobs  ;_; ;.

Related Results. Combinatorial optimization is
emepging as a powerful tool for real time systems
applicationsjn particularfor Air Trafc Control (see
for example [14], [13]). In [5], the authorsposed
the generalaircraft schedulingproblemwith holding
time. They usedan integer programmingapproach
to solve the problem,using CPLEX, and shaved the
limit of this approach(the computationatime grows
exponentiallywith the numberof aircraft,makingthis
approachunattractve for online implementations)in
[6], the authorspresenta polynomial time algorithm
for solvingthe singleinterval case:ithe objectve is to
maximize = miniq j joj without putting the
aircraft on hold. In the generalcase, < , which



forces ATC to put aircraft on hold: the presental-
gorithm hasbeendevelopedto addresdhis situation.
In [4], we preseneanimplementatiorof this algorithm
for the particular Dallas DFW airport, in a NASA-
developedsoftware called TCSim.

Our problem generalizesthose studied by Dantzig
and Fulkerson [9], and Gertsbakhand Stern [12]
whereeachjob's startingtime canonly bein a single
interval [r;;di ] . To nd afeasibleschedulefor
the given jobs, one can schedulethem on parallel
identical machines.Here, the goal is to minimize
the numberof machinesneeded One can easily see
that this problemis equivalentto our problemwhen
the objective is to minimize the numberof periods
we have to use and when all d; 2 [0;T]. The
problemcan be solved to optimality if r; = d;

for for j. If r; < 0 , the complity of the
problemis still open.This work can also be related
to the job interval selectionproblem(JISP)[8], [10].
If the maximum number of intervals required for
feasibility of our problemis known a priori, our
problem might be reducedto the JISP However,
the number of intervals of the correspondingJISP
is O(L) whereL = O(max; dj  min; rj), which
is an undesirabldfeature.Given the similarity of our
problemwith the JISR we believe that our problem
is NP-complete,and are currently working on the
proof. Another closely related scheduling problem
is the one studied by Carlier [7] and Baptiste [3]
wherethe job's startingtime is restrictedto a single
interval [rj;d; ] andthe objective is to maximize
the number of jobs which can be scheduled.This
problemcanbe solved in polynomialtime [3]. Their
resultsimply thatfor our problem,if all the jobs can
be scheduledin the rst available interval for each
aircraft, the problem is polynomial time solable.
Notice that whenthe processingime for eachjob is
thesame minimizing the sumof startingtimesof jobs
is equivalent to minimizing the sum of completion
times of jobs. Designing approximationalgorithms
for various schedulingproblemswith the objectve
minimizing the sumof completiontimeshasreceved
considerableattention during the last decadessee
for example an excellentsuney by Chen,Pottsand
Woeginger[2].1

Our Results and Techniques.Our rst attemptat
this problemis basedon a simple obsenration that
the starting time of the jobs can be restrictedto a
polynomial boundedset. Therefore,the problemcan

IHowever, becausef the structureof our problem,it seemghat
noneof the algorithmscanbe appliedto give an approximatiorfor
our problem.In mostof the models,only releasetimesof jobs are
present,but here,eachjob hasa deadline,althoughthe job can
be scheduledn a prescribedater rangeif this deadlinecannotbe
met.

be formulatedas a constrainedassignmenproblem:
assignthe jobs to thosepossiblestartingpoints, with
the constraintsthat at most one job can be assigned
to ary intenval of length . As a standardapproach,
we solwe the linear programming(LP) relaxationof
this constrainecassignmenproblem.The key in our
algorithmis the roundingof the LP solutionx, which
is fractional in general,into an integer solution for
the original problem.Here we obsene that thereis
a way to modify the fractional solutionx and obtain
anotherfractional solutionx (which still satis esthe
constraintsof the LP) such that the corresponding
costs (both makespanand the sum of the starting
times) are increasedby a factor of at most 3 if
all rj T. Then we constructan instanceof the
(unconstrainedassignmenproblemsuchthat x is a
feasiblesolution of the assignmenproblemand ary
integer solutionof the new instancewill automatically
satisfy the constraintsof the original problem.Using
the fact that we can nd an integer solution for
the (unconstrainedassignmentn polynomial time,
whose cost is not worse than that of x, we nd
an approximationsolution for the original problem
with guaranteecerror factorif all r;  T. However,
boundingthe ratio of the algorithmif thereare jobs
with rj lessthanT requiresaninitial stepto schedule
thesejobs.

Motivated by the resultsof Baptiste[3] that for the
single interval case,there exists a polynomial time

algorithm that can schedulethe maximum number
of jobs, we treat the jobs with r; < T separately
We thus develop a greedy approach:we schedule
the maximum number of jobs in the rst period
[0; T], andthenapply the abore mentionedLP-based
algorithm to the rest of the jobs. Two issuesneed
to be addressed(i) After we schedulethe jobs in

the rst interval, how do we boundthe optimal cost
of the rest of the jobs? Indeed,when we apply the
LP-basedalgorithm to the rest of the jobs, we are
comparingtheir costin this schedulewith their cost
if they werescheduledy the optimumsolution.Our

proof providesa boundon theratio of thesetwo costs.
(i) Schedulingthe maximumnumberof jobsin the
rst perioddoesnot necessarilymply thatthe sumof

startingtimes of this setof jobsis minimized. Here,
we generalizehe algorithmandresultof Baptiste[3]

and apply it to the set of aircraft which can arrive

beforeT: we derive a polynomial-timealgorithmfor

the single interval problem,which scheduleqfeasi-
bly) the maximumnumberof jobs; furthermore,we

shav that amongall feasiblescheduleghat schedule
the samenumberof jobs, the algorithm producesa
solutionthat hasthe minimum sumof startingtimes.
The algorithmis basedon dynamicprogramming.



Combining the above algorithms, we obtain an ap-
proximationalgorithm which approximateghe opti-
mal solutionof minimizing the sumof startingtimes
with factor5. For makespanwe modify both partsof
the algorithmand obtaina ratio 3.

This article is organized as follows. Sectionll de-
scribesthe optimization programformulation of the
physical problem. Section II-A showvs a trivial 2
approximationalgorithm for the casein which T

, Which works when the objective functionis sum
of arrival timesor makespanSectionll-B providesa
high level descriptionof the approximatioralgorithm
for the sumof arrival timesin thecaseT > . The
part of the algorithmwhich scheduleghe rst setof
jobs before T (dynamic programming)is explained
in detail in Sectionlll. SectionlV presentghe part
of the algorithmwhich scheduleghe restof the jobs
after T (LP rounding) and explains how to modify
the algorithmto provide a 3-approximatioralgorithm
for malespan.

Il. HIGH-LEVEL DESCRIPTION

We call a; the earliestarrival time of aircrafti, and
b thelatestarrival time of aircrafti without holding

pattern.n theabsenc®f holding pattern the problem
of schedulingaircrafti in [a;;b] for alli N such
thattwo aircraftareseparatedby atleast is equiv-

alentto schedulingN jobs on a single machine with

processingimes , releasetimesr; = a;, deadlines
d=b+ .We caII T tgetlme of a holding pattern,

andlet[a ;B ]+ TN:= | _,[a + kT;b + kT]. The

problemcan be formulatedas follows:

min: j2f 1. Ng
s.t. J2[aJ Q] N 8j2 f1; iNg
i 8(:i9 2 f1;
suchthatj 6 j©°

Ngz @

A. A Trivial Algorithm for the T Case
Theorem 1. The r st come r st servedalgorithm
belowis a 2 appoximationalgorithm for malespan
and sumof arrival times.

1) Sortthe aircraftby earliestpossibletime of arrival:

without loss of generality we canwrite a;  a
an 1 an -

2) Constructthe following schedule:

1= &
= minfxjx2[; 1+ ;+1)\

([a;8]+ TN)g 82f2 :Ng

Proof of Theorem 1:
N aircraft into K subsets:S; =

Sum of arrival times: Divide the
fN1; N2 1g, S2 =

fN2; ;N3 1g, ,Sk = fNk; ;Ng, where
Ni1=1
Nk = minfpjan, , + (P Nk 1)( +T)< apg

Forallk2 f1; ;K 1g,forallj 2 Si,thealgorithmprovides
j an, + (J  Ny)( + T). Indeed,if it werenot true, we
would have aj 2 Sy suchthat j > ay, + (j Ny)( +T),
which would contradictthe de nition of Ny .1 . We call ¢ the cost
of this algorithm:

Py P

=] k 1 p j2sy i

N (. +T)

ket j2s, an T (0
Py (any H NG Tan, * N)
k=1  j25, an, (1 Ny
P
Sincewe know that OPT K j2sc@an + (G No))

we get the following approximationratio = for the sumof arrival

times:
_ K ) an, t(J N+ T)
= maxp_; maxjzs, aNk+(j N
_ K . (_NT (2
= maxy_, maxjzs, 1+ an, 0 ND

1+ L 2

MakespanWeknow that y  an, + (N Ng )( +T). Since
the jobs have beenorderedsuchthata; az an 1
ay , thearrival time | of aircraftN in the optimumschedulehas
tosatisfy an, + (N Ng) .Theapproximationratio
for makespanthus satis es:

an, H(N Ng)(+ T+
aNK+((N NK))+
N N T

1+ aNK+(N EK)+ 2

B. TheCaseT >

Before presentingour algorithm, we introducesome
notationand initial steps.

(i) Sorttheaircraftby earliestpossibletime of arrival:

without loss of generality we canwrite a; ap
an 1 an -

(i) Divide the N aircraftinto K subsets:

S;=1fNi; ;N2 1g
S, =1fN2; ;N3 1g,
Sk = fNk; ;Ng

whereN; = 1, and N is given by

Nk = minfpjay, , + (% Ng 1)( + T)< a0
(i) Let = sfa+ N+TNg \
[an.;an, + (N Ni g( + T)] for eachk. Index
theelementst; of = ., « byi2fl ;j jg

in increasingordet

Step(i) is usedfor notationalcorvenience.Step (ii)
enablesus to constructa grid of polynomial size: it
separatesircraft into groupsfor which we have at
leasta feasiblesolution(which we canconstructusing
the trivial algorithm of Sectionll-A). In step (iii),
the K groupsare gridded ( ) and ass§mbledn a
singlegrid  of sizeO N2 .Theset ,q fa +
N + TNg is the set of earliestarrival times plus
an integer numberof T (holding patterns)and/or
(aircraftseparation)lt follows from Propositionl that



Main Algorithm

1) If a; < T, call F thesetof i suchthat[aj;b]\ ftjt

maximumnumberof aircraft of F accordingto the algorithm

Tg is not empty Call [a;; 7] = [ai; ]\ ftjt

Tg. Schedulethe
of Sectionlll. If this numberis equalto N, stop.

2) Solve the relaxed LP (3) for the remainingaircraft. If a; T, solve the relaxed LP (3) directly.
R P P
Minimize: P i26(j) ti Xij
Subject to: i2G() Xi = 1 8j2f1; iNg @)
i 0 p 8j2 f1; iNg; 8i2G(j)
21y X 1 8i2flL s
where8i2 f1; ig 1)y =fi% jjjto t A to ti< g and8j2 f1; 'Ng, G(j)= \ fla;]1+ TNg.

3) Modify the xj; usingthe procedurexj; = TransformLPsol(x;j ).
4) Computethe integer solutionxj; = Matching(Xj; ) of the matchingproblemconstructedoy the Matching procedureThe result

is a feasibleschedulefor the remainingaircraft.

the optimum scheduldies on this grid (the optimum
is sometimegeferredto asleft shifted.

In the Main algorithm shovn next page,l (i) repre-
sentsthe setof aircraftfor which the arrival timesare
lessthan time units after t;, andthusnot allowed

if ti is chosenby an integer solution of (3). G(j)

representghe set of i suchthatt; is available for

aircraftj . We call n the numberof aircraftscheduled
before T by the algorithm of Step 1 of the Main

Algorithm, andm = N n the numberof aircraft
scheduledafter T. We usethe following notation:

C(n) costof schedulingn jobs beforeT with

Step1 of the Main Algorithm
(costmeanssumof arrival times)

C(LP;m) min. costof relaxed LP (3) for the m jobs

C(I1P;m) min. costof a feasibleinteger solutionto
(3) for them jobs

C(x;m) costof the fractional solution (for the
m jobs) Xj; of (3) producedby Step3
of the Main algorithm

C(x;m) costof the fractional solution (for the
m jobs) xj; producedby Step4 of the
Main Algorithm

OPT(m) costof them jobs whenthey are
scheduledby the optimal solution OPT

OPT(n; rst)  costof the rst n jobswhenthey are
schedulecbhy OPT

OPT(m; las)  costof the lastm jobs whenthey are

schedulecby OPT

Lemma 1. Considerthe jF| aircraft of F (Step1
of the Main Algorithm). Stepl schedulesthe largest
numberof themin ~ 1! [a;; 1], with minimumsumof
arrival times.The compleity of Stepl is O(jFj°).

Lemma 2. Thesumof startingtimesfor them = N

n other aircraft scheduledafter T is boundedabove
by 5 OPT(m; last). The compleity of scheduling
thesem aircraft is dominatedby solvingthe LP (3).

Theorem 2. The Main Algorithm has a b5-
approximationratio for the sumof arrival times.lIts
compleity is O(N °), and is dominatedby Step1 of
the Main Algorithm.

Proof of Theorem 2: Let ¢, be the costof the n jobs
scheduledbefore T by Step 1. Let cm be the cost of the m

jobs scheduledafter T by Step4. By Lemmal, we have cy
OPT(n; rst). By Lemma2,wehavecy, 5 OPT(m; las). Now
combiningthe two boundsfor ¢, andcn, , we get:

OPT(n; rst) + 5 OPT(m; las?)
5 OPT

Ch + Cm

The compleity of Step1 is O(jF°). The worst caseis when
jFj = N (all jobs can be scheduledin F), thereforethe com-
plexity of Step1 is O(N?). The compleity of the other steps
is determinedby solving the linear program (3), so the overall
compleity is O(N 9).

I1l. DYNAMIC PROGRAMMING ALGORITHM FOR
STEP 1 OF THE MAIN ALGORITHM

We call jFj = f 2 N. We are given a set of time
intervals [ri;di], i 2 f1; ;fg, and assumethat
the d; have beensortedin chronologicalorder: d;

do di . A scheduldtigi» 1. g4 is saidto be
admissiblef for all i in f1; ;1g,ti  ri (jobsstart
aftertheirreleasdime), t; + di (jobsare nished
beforetheir deadline)and8i 6 j, jti t;j (jobs
areseparatecpy ). For | given(l f), wewantto

computemin 'p:1 ti,, the minimum of the sum of
startingtimesof | of thef jobs.
De nition 1.

We call = ftjoa 2 fi fg 9 2
fo, ;fg suhthatt=r;+1 qg.

We call Ug(s;e) = fJ; ji  kands rj < eg

the setof jobs of index lessthan k releasedbetween
sande.

For a given I, we call Ck(s;e;l) the minimum
sum of starting times amongthe set of admissible
schedulescontainingl jobsin Uk(s;e€), which satisfy

0] foralli,t; s+

(jobi startsafters+ )
@iy foralli,t;+ e

(job i is processedefor €)
@iy foralli,tj2

(startingtimesare in ).

We poseCy(s;e;l) = +1 forall | > k.

Proposition 1. Thee existsan optimal schedulesudh
thatt; 2  for anyi scheduled.




The proof is an extensionof Carlier[7], Baptiste[3].

Proposition 2. Ck(s;e;l) can be computedrecur
sively by the following formula:

Ck(sieil) = Ck 1(s;eil)
if re 2 [s;e) for thek™ job Ji, and

Ck(s;e;l) = min Ck 1(s;e;l) ;

min (Cc 1(sis% )+ s% Cy 1(s%eq 1))
s02

1 g | 1
max(ry;s+ ) s%  min(dy;e)

otherwise

Proof of Proposition 2: PleaseseeAppendix.

Proof of Lemma 1: The aircraft schedulingproblemcan
be transformednto a job schedulingproblemby letting r; = a;

andd; = b,O + ,fori 2 F, asde ned in the Main Algorithm.

We call f = jFj. For notationalcorveniencewe canrelabelthese
jobsfrom 1to f . Notethatf canrangefrom 1to N . We cannow
apply Proposition2. For all k; s; e; |, suchthat

—+

minif:1 r
f )
fmaxi:1 d;

- o nw x

one cancomputerecursvely Cy (s; e;1), and nd g, the largestl
suchthat C¢ (minif:1 ri ;max{=1 di;lo) is nite.

k and | rangefrom 1 to f, e and s are on the grid of
Proposition1, thusthey arein a setof size O(f 2). The size of
the dynamicprogramtableto build is thusO(f €). In building the
table, we take the minimum over a setof size O(f 3), sinceit is
indexedby s°2  andq2 f1; ;1 1g. Thus,the total costof
the algorithmis O(f 9).

IV. LINEAR PROGRAMMING BASED ALGORITHM
FOR STEPS 2-3-4 OF THE MAIN ALGORITHM

This section summarizessteps 2-3-4 of the Main
Algorithm. We rst solwe the relaxed LP (3). This
LP is aconstrainedissignmenproblem:aircraftj are
assignedrrival timest; ; thelastconstraintmeanghat
ary integer solution of this problemcan only assign
onet; every (by de nition of theinterval | (i)). In
the relaxed version, it meansthat the x;; (fractional
assignments(umto at most1 over a period of

The fractional solution x is transformedto another
fractionalsolutionx by the procedurelransformLP-
sol (illustratedin Figure 1). The fractional solution
is decomposedhto setsof t; suchthatt; 2 [qT; (gq+
1)T), whereq 2 N. Eachof thesesetsis decomposed
into chunksof length . Figurel showvs oneof these
intervals (eightchunksof length , andthelastchunk
of lengthlessthan ). Thex; in eachof thesechunks

is shiftedby (29 2)T or (29 1)T dependingon
parity, in orderto insertidle time of length  between
the correspondingchunks (seearrows in Figure 1).
Becauseof thelastchunk(intenal fig ;  ;ig, gin
Figure 1), it is necessanto insert a period of idle
time of length at least  after the highest shifted
Xjj (the black chunk coming from fig ; jig g in
Figure 1). This is done by adding a full intenal
[3gT; (3g+ 1)T) of idle time after 3gT. This is not
optimal, but enablesus to constructx systematically
The result is another fractional solution X which
satis es (3) and hasidle time periodsof length
alternatingwith non idle time periodsof length
This meanssetsin which x; = 0 for t; rangingin
anintenal of length  alternatewith setsof thesame
lengthwith nonzerox; .

The procedureMatching takes the new fractional
solution X, and constructsa feasible instanceof a
weightedassignmenproblem.An illustrationis given
in Figure 2. Every chunkfi.; ;ihs 19 with
nonzeroX; is reducedto a single nodeindexed by
r. Any aircraftj which hasone (or more) nonzero
Xij withi 2 fi,; ;ins 1gis now linkedto r
(Figure2 right). Theweightonthe correspondindink
is thesmallest; with nonzerax; infi,,; ;ig+a
1g. For example in Figure 2 right, the weight on
thelink r ' (j 1) is t,; becausein Figure 2
left, node | 1 was such that xX57, X29 and Xss
arenonzero.The correspondingveightedassignment
problemis (4). A fractional feasible solution x is
obtainedfrom X by addingall X; emanatingfrom
the samechunktowardsaircraftj . We know that (4)
hasanintegeroptimal,whichis therefordessor equal
to our fractionalfeasiblesolution.We cannow prove
Lemma2 (notationsare de ned on pageb).

Proof of Lemma 2: Let uscall ¢y the costof the m
jobs scheduledafter T. For eachof thesejobs, we computean
upper bound of the ratio by which the costis increasedby the
procedureTransformLPsol for eachnonzerox;; . The minimum
costC(l P; m) of schedulingthe m jobs after T is lessthanthe

costof schedulingthesem jobs within OPT and shifting them by
T. Therefore:

C(LP;m) C(IP;m) OPTm)+ mT
Let usde ne B q asthe sumof fractionalx;j; in interval [qT; (q+
1)T): X X
Bqg = Xij :
iqT tj<(gq+l) T |

Let uscall r the largestq suchthatBq 6 0. By constructionof
the LP (3), we have
X X
Bi=m and
q=1

Bgq qT
g=1

C(LP;m)

Let usde ne C(Bg) asthe costof the fractional LP solution of
(3) correspondingto the interval [qT; (g + 1)T). As shown in
Figure 1, the amountby which x;j is shiftedis either(2q 2)T
or (2q 1)T, and thereforethe increasein cost of the xjj in
intenal [T; (q+ 1)T) dueto the procedureTransformLPsol is



ProcedureTransformLPsol

Input: fractionalsolutionx;; of (3).
Output: Xj , anotherfeasiblefractional solution of (3).

Performthe following assignment:
Xj = Xjo wheretj = tjo+ (29 2)T,if 99 0,9 0, suchthatl < bLciseven,andtijo2 [qT +1 ;qT + (I+ 1)) or
suchthatl = bTcis even,andt; = tjo+ (29 2)T fortio2 [qT + | ;(q+ 1)T).
Xj = Xjo wheretj = tjo+ (29 1)T,if 99 0,9l 0, suchthatl < bLcisodd,andtjo2 [qT + | ;qT + (I+ 1)) or
suchthatl = bTcis odd,andt; = tjo+ (2q 1)T fortjo2 [qT + | ;(q+ 1)T).

The two lastitems correspondo the last (incomplete)chunkof [qT; (g+ 1)T).

corresponding; nonzeroxj i, i i i i i
N

o tig tig tig fiss lisa Gi

(29 2)T shift

X ar L. . @+ T Bg. 2T B3qg T . 3T. . . . . Bq+1nT
L .
U (29 1)T shift
X ipigigigigizigi
ig =i i;Jfl 7 igq 2 igq 1 i;,q i§q+1
Fig. 1. lllustration of the procedureTransformLPsol. This proceduretransformsthe feasiblefractional solutionx = xj; of (3) into

anotherfeasible fractional solution X = Xj with idle time. Half of the fractional xj; in the interval [qT;(q+ 1)T) is shifted to
[Bg 2)T;(3g 1)T) (shiftby (29 2)T), andtheotherhalfto [(3q 1)T;3qT) (shiftby (2q 1)T). Theinterval [3qT; (3q+ 1)T)
is empty for now; this is a wasteof space,but this enablesus to satisfy the constraintsof (3) for the part of the fractional solution
betweeniQ (ig onthe gure) andig+1 .

arrival times aircraft node of aircraft
matchingproblem

. fractional LP (3)

Fig. 2. lllustration of the procedureMatching. This procedurerransformsthe feasiblefractionalsolutionXj; into a weightedmatching
problem.In the fractional LP solution, only the nonzeroxj; arerepresentedsolid if they arein the rangeof the gure, dashedf they
connectaircraft with arrival timesoutsidethe gure). On theright plot, the weightsarethe arrival timesfrom the fractional LP solution:
for example, j 1= tz7.



ProcedureMatching

Input: fractionalsolutionXj of (3).
Output: integer solution of a matchingproblemsolving (3).

1) Constructthe following setof g; :

P
Mlnlmlze: Pi  a2H()
Subject to: a2 H () Xai
B Xqj 1
i Xqj 1

1g;Xj; 6 Og end if

1g;%j 6 0Og end if

q=1,r=1
while 9t;j > T suchthat 9j2 f1; yNgsuchthat Xj; 6 0
ip =ig, m=1
while i suchthatt; = t; + islessthani,;
m
imsy = 1suchthatti =t; + , r=r+1
forj = 1to N
if 9i 2 fip,; ipyg 1lgstX; 60
rj = minftp ji2 fig,  Siga
end for
end while
forj = 1to N
if9i 2 fin; g 1lgstXj 60
r=r+1, j=minftjji2fiy; :ich
end for
q=q+1
end while
for all j, callH(j) thesetof r for which ;

hasbeenassigned.
2) Solwe for the integral solutionx;; of the following weightedmatchingproblem:

qj Xaqj

=1 8j2 f1; iNg 4
8213 NG 892 H(j) @)
892 "L H(j)

atmostBq (29 1)T. Thus,we have the following upperbound
onthecostcm of them jobsscheduledafter T by our algorithm.

P
c(x;m) 4= (C(Bgp+ Bq (20 1)T)
= C(LP;m)+ {_pBq (2a 1T
OPT(m)+ mf + ¢, Bq (29
= ORIm)+ 2 zrq=1 BT + mT
o=t BaTp
= OPT(m)+ 2 <r1=1 aqBqT
OPT(m) + 2C(LP;m)
OPT(m) + 2(OPT(m) + mT)
3 OPT(m) + 2mT
5 OPT(m; las)

T

Cm is the optimal solution of the weightedmatchingproblem (4)
obtainedby the procedureMatching. We know [1] thatthereexists
atleastoneintegral solutionwhich achievescn, , whichwe can nd

in polynomialtime. Thus, for this solution,c,y,  C(X;m)

Theorem 3. The algorithm below is a 3-
approximationalgorithm for malespan.

Proof of Theorem 3: If Carlier's algorithm scheduleghe
N aircraftbeforeT, it follows from [7] thatthis schedulgrovides
the optimummalkespanlif n < N, Carlier's algorithmimplies that
it is not possibleto scheduleN aircraftin [0; T]. Thereforethe
optimum makespanC,,, satises C.ox > T. Applying Steps
2-3-4 directly provides a feasiblesolution C max . A similar proof
asfor Lemmaz2 providesthe ratio 3 for makespan.
V. SUMMARY

We formulatedthe problemof air trafc scheduling
near large airports as a single machine scheduling
problem, which to our best knowledge is new, de-
spite similarities with other knowvn problems. Our
rst algorithm minimizes the sum of arrival times

(and therefore the sum of delays). It provides an
approximationratio 5 for the sum of arrival times,
andfor the sum of delayswhenall aircraft have the
possibility to arrive simultaneouslyat time zero.The
secondalgorithm minimizes the makespan,(i.e. the
arrival time of the last aircraft) with approximation
ratio 3.

1) In Step1l, replacethe algorithm of sectionlll by
Carlier's algorithm[7]. If this algorithmschedulesN
aircraft, Stop. Else, apply Step 2 directly to the N

aircraft. _ .
2) In step2, given Cmax, let us replace(3) with the
following feasibility problem:

PiZG(j)Xij =1 8j2f1; iNg
i 0 p 8j2f1; iNg; 8i2G(j)
1021 (i) J-Xin 1 8i2f1; ,J Jg
®)
where8i2 f1;, ;j jg, 1(i) = fi® | jj to
ti M tie ti< g,and82fl; ;Ng, G() =

\ flaj;;b]+ TNg\ [0;Cmax]. If there exists a
fractional solution to the set (5) of constraintswith
correspondingCax -dependentG(j ), it represent
a fractional scheduleof makespanless than Cpax ,
which provides a lower bound on the makespanof
the original problem. We can computethe smallest
possibleCrax solving (5) to  using bisection. (In
fact,we cancomputeit in O(logj j) bisectionsteps
sincethe total numberof grid pointsisj j.)

3,4) Steps3 and 4 are identical with thosein the
Main Algorithm. The compleity of the algorithmis
dominatedby the solution of the LPs (5) and (4).
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Appendix: Proof of Proposition 2

Casel:rg 2 [s;e)

We have Jx 2 U (s; e) by de nition of Uy (s;e). We know that
Uk(s;e) Uk 1(s;e)+fJkg. Sinceldy Z Ug(s;e), thisimplies
Uk (s;e) Uy 1(s;e). The reverseinclusion Ux 1(s;€)

Uk (s; e) holds by de nition of Uy (s;e), and we thereforehave
Uk (s;e) = Uk 1(s;e). By de nition of C(s;e;l), thisimplies
thatCy (s;e;1) = Cx 1(s;e;l).

Case2: r¢ 2 [s;€)

We have Jix 2 Uy (s;e). We call

Cc%= min Ck i(sieil) ;

min (Cy 1(ss% @)+ s%C 1(s%eiq 1))
s02

1 g | 1

max(ri;s+ ) s®  min(dy;e)

We prove that C%= Cy (s;e;l) in two steps.
Step1: C° Cy(s;e;l).

If CO= Cyx 1(s;e;l), theinclusionUy 1(s;€)
impliesC%= C 1(s;e;l) Ci(s;e;l)

If CO= C 1(s;s%1 q)+ sP+ C, 1(s®e;q 1) for some
s% andq achieing the min, we separatéhe jobsinto threesubsets:

Uk (s; €)

X ,thel q rst jobs;job Ji; andY, thesetof q 1 jobsafters®.
We rst shav thatX [ Y [ fJkg Uk(s;e).

1) 8 2 X, 2 Uk 1(5;89)  Uk(s;8)  Uk(s;e).

2) 8§ 2Y,Jj 2 Uk 1(s%e) Ux(s%e) Uk(s;e).

3) Jk 2 Ug(s;e) by assumption.

Therefore,X [ Y [ fJkg Uk(s;e), andjXj+ jYj+ 1=
I 1+q 1+ 1= 1. Fromthis,weseethatX [ Y[ fJkxgisa
particularelementof the setamongwhich the min is takenin the
de nition of C9 above. Therefore,C?  Cy(s;e;l) which is the
min amongall elementsof this set.

Step2: C° Cy(s;e;l)

Call B theinstantiationof the | jobs which realizesCy (s; e;l).

If Jy 2 B, thenB Uk (s;e)nfJyg Uy 1(s;e), and

jBj = I. B is also an instantiationof Cx 1(s;e;l), there-
fore Ck (s;e;l) Ck 1(s;e;l). By de nition of C° we have
Ck 1(s;e;l) CO ThereforeCy(s;e;l) CO°

If Jx 2 B, we rst shov that8j 2 Y, rj > s wheres®is the
startingtime of job Jy.

Let j bein Y. Assumer; s% We know that ry s0
by construction.We know that j k, becausel; 2 Y (and
Y B Uk(s;e); in Ug(s;e), all jobs have index lessthank).
By assumptionthe deadlineshave beenindexed chronologically
therefored;  di. Call z the completiontime of job j . We have
di  z. Summarizingall informationabove, this meansthat both
J; andJy canstartats® and nish atz. Thereforeswitching J;

andJy is possibleandwill notchangethe sumof the startingtimes
of all jobs. The conclusionof this paragraphs that any job of Y

with releasetime lessthan s° can be putin X without change of
cost We canthereforeassumehatall jobs J; of Y have a starting
timerj > s°

Let Jj be in Y. BecauseJ; 2 Ug(s;e), j k. Since
Jj 2 Y, Jj is scheduledafter J, by the previous paragraph.
Thereforej k 1. ThisimpliesJ; 2 Uy 1(s% e). Therefore
Y Ux 1(s%e). Let us call C(Y) the costof schedulingall
jobs of Y (C(Y) is the sum of their starting times). C(Y)

Ck 1(s%e;jYj) by denition of C (; ; ;). For X, similarly,
Jj 2 X B Ug(s;e) impliesrj s.

Also, rj < s?(becausa; s° ). j 6 k becausel; 2 X,
thereforej k 1. From this we deduceX Ue 1(s;89.
ThisimpliesC(X) Ck 1(s;s%jXj) whereC(X) is the cost
of schedulingthe jobs of X .

C(X)
C(Y)

Ck 1(s:s%jXj)
Ck 1(s%ejYi)

Therefore writing explicitly the contritutionsof the differentterms
in B, we have:

Cr(s;e;l) = C(X)+ s+ C(Y)

Cy 1(sis%jXj) + 89+ Cr 1(s%eijY))
CO

Thelastinequalityresultsfrom the min in the de nition of C°.



