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Abstract

We consider switching in time among a finite family of systems governed by linear hyperbolic partial differential equations
on a bounded space interval. The switching system is fairly general in that the space dependent system matrix functions as
well as the boundary conditions may switch in time. For the case in which the switching occurs between hyperbolic systems
in the canonical diagonal form, we provide two sets of sufficient conditions for the switched system to be exponentially stable
under arbitrary switching signals. These results are generalizations of the corresponding results for the un-switched case.
Furthermore, we provide an explicit dwell-time bound on the switching signals that guarantee exponential stability of the
switched system under the assumption that each of the individual systems are stable. Our results of stability under arbitrary
switching generalize to the case in which switching occurs between non-diagonal hyperbolic systems that are diagonalizable

using a common transformation.
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1 Introduction

Flows in physical infrastructure networks such as trans-
portation systems [6], irrigation canal systems [17], [4],
and gas distribution systems [1] can be modeled by
systems of hyperbolic conservation laws in one spatial
dimension. These physical networked systems can be
monitored by static [19] or mobile sensor networks [7]
and controlled at nodes by supervisory control and
data acquisition (SCADA) systems. A common control
problem studied in the context of these conservation
laws is the problem of stability and stabilization un-
der boundary control actions. Recent years have wit-
nessed a significant amount of research activity on this
topic [9], [8], [25], [17], [4], [3], [2]. From a practical point-
of-view, it is of interest to consider situations in which
during the period of operation, certain parameters of
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the system exhibit switching in time triggered by exter-
nal factors [18]. In addition, a controller based on logical
rules may switch between one of the several possible
control actions [22]. Such systems involving continuous
dynamics and discrete events are known as hybrid sys-
tems and are extensively studied in the literature when
the subsystems are governed by ordinary differential
equations (ODEs) [18], [15], [24] and differential alge-
braic equations (DAES) [26] in finite dimensional spaces.
Very few attempts have been made to extend this the-
ory to infinite dimensional spaces, with the exception
of [23], [21], though hybrid systems in which modes are
governed by partial differential equations (PDESs) repre-
sent a relatively unexplored and potentially rich field of
study [10]. While we will here consider switching in time
of a certain class of a first order hyperbolic PDE we note
that, in general, systems modeled by PDEs may exhibit
hybrid behavior in a variety of ways: switching sequen-
tially in time or sequentially in space or distributed
in the space/space-time domain. Motivated by above
arguments, we focus on stability properties of systems
that switch among a finite family of linear hyperbolic
PDEs in a bounded domain [a,b] C R. We consider
n-dimensional vector solutions u(¢, s) in the space-time

19 March 2009

Preprint submitted to Automatica
Received March 19, 2009 15:50:19 PST



CONFIDENTIAL. Limited circulation. For review only

strip Q([Opo)) = {(t,s)[t € [0,00),s € [a,b]} with
dynamics:

ou i Ou ;

UL A Y J —

o +A (8)85 —l—B. (s)u=0, s € (a,b), t>0
Dju(t,a) =0, Dhu(t,b) =0, t € [0,00) (1)
u(0,s) =u(s), s¢€(a,b)

where j belongs to a discrete set @ = {1,..., N} and

e AJ(s)and B(s) are space dependent matrix functions
in R™*™ for mode j,

° D]L and Dﬁ% are matrices of appropriate size specifying
data at the boundary of [a,b] in mode j, and u(s)
specifies the initial data on (a,b).

Switching occurs in time according to a piecewise con-
stant switching signal o(-): RT — Q with switching
times 7, € Rt (k € N) at which o(-) switches discontin-
uously from one mode j € Q to another mode j' € Q.
We study two specific problems:

(A) Find conditions that guarantee exponential stabil-
ity of the switched PDE for arbitrary switching sig-
nals.

(B) Alternatively, characterize a (preferably large) class
of switching signals such that the switched PDE is
exponentially stable.

These problems are relevant when the switching mech-
anism is either unknown or too complicated for a more
careful stability analysis, in particular when the switch-
ing happens autonomously as for instance in networked
transport systems [5].

Without switching, the system (1) is well under-
stood [13], [14], e.g. it is known that the associated
linear operators generate Cpy-semigroups. Exponential
stability without switching has been considered in [§]
and, more general for quasi-linear hyperbolic systems,
in [25]. Furthermore, a sufficient condition for switch-
ing infinitesimal generators of semigroups is given in
[23] and the problem of stability of discontinuous dy-
namical systems determined by semigroups was studied
in [21]. However, we justify our addition, noting that to
the best knowledge of the authors, these known results
cannot be applied to the specific equations considered
here, lacking a necessary commutativity assumption
of the infinitesimal generators due to the presence of
(changing) boundary conditions and a sufficiently tight
growth bound for the semigroups generated.

The article is organized as follows. In Section 2, we dis-
cuss the well-posedness of switching among the systems
in (1) and discuss preliminaries for stability analysis of
the switched system. In view of Problem (A), Section 3.1
generalizes existing results of [8] and [25] for the expo-
nential stability of hyperbolic systems to the case when

switching occurs between systems that are in the canon-
ical diagonal form. In view of problem (B), we provide
a dwell-time bound such that the system is exponen-
tially stable for slow enough switching. Of particular in-
terest is the sufficient condition for exponential stability
in terms of a set of spectral radius conditions involv-
ing boundary data. In Section 3.2, we show that this
sufficient condition is no longer sufficient for exponen-
tial stability of systems when switching occurs between
non-diagonal systems. We also show that the results for
switching between diagonal systems extend to the case
of non-diagonal systems when all systems are simulta-
neously diagonalizable using a common transformation.
We discuss a potential application to stability of water
flow in one-dimensional open channels governed by lin-
earized Saint-Venant equations in Section 4. Some final
remarks are drawn in Section 5.

2 Preliminaries
2.1 Well-posedness of the switched hyperbolic system

We will be considering switching among the systems
(1) in the Hilbert space H = L?((a,b),R™) (also de-
noted as (L%(a,b))" := L((a,b),R) x ... x L((a,b),R)).
We first recall useful results for the unswitched case,
see [9], [12],[13], [14] for details. It is known that for a
fixed mode j € Q, the corresponding system in (1) is
well-posed under the following assumptions:

(H;) The matrix functions A7(s) and B’(s) have the
property that A7(-) € C'([a,b],R"*"), BI(:) €
C%([a,b],R™*™), and for all s € [a,b], there exists
m; such that 0 < m; < n and A7(s) has m; nega-
tive and (n — m;) positive eigenvalues X/ (s) with n
corresponding linearly independent left (resp. right)
eigenvectors [7(s) (resp. r!(s)), ¢ = 1,...,n. Here
)‘f() € Cl([avaR) and li(), 7"5() € Cl([aab]an)

(Hy) The following rank conditions hold for D] €
R(=m5)Xn and Di, € Rmsxn

rank[(D})" (@) -+ |15, ()]
rank (D) [, 41 (B)] -+ [1,(0)]

(2)

n
n.

That is, for a fixed mode 7 € Q and initial condition
u := @(-) € H, under the hypotheses (H;) and (Hz),
a solution v’ (-) = u’(-,-) € C°[0,00),H) of the cor-
responding system in (1) exists and is unique (see e.g.
([12], Sections 2.1 and 2.3), [9]). This solution is to be
interpreted in the weak sense. Furthermore, the ma-
trix functions S;(-) = [I{(-)]...|l()]" and Sj_l(-) =
1 ()] -~ |r2()]" in C'([a, b], R"*") are such that for all
s € [a,b]

S;i(s)A7(5)85 () = A (s), 3)
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where A/ (s) = diag(A)(s), Al (s)) € R™" with

AJI(S) = diag()\{:(s), e )\fm(s)) <0
diag(A,, 11 (s),- -, M (s)) > 0.

=
2
~
=~
»
&,
I

For a fixed mode j € Q, we can obtain a convenient
diagonal form for the corresponding system in (1). By
applying the following transformation

wl(t,s) = S ()€ (t, 5)
D} = DJLS;l(a)
D}, = D355 (b).

and using the representation

: £1(t,s)
I(t,s) = ; ,
g ( ) (5?1@7‘9))

B(5) = 8,(6) (410058, + B(5)5,(5)).

Di, = D1, ,|D] 1),
GJL = _(DJL,H) 1D]L I

Djy = [Djp 1| Dip 1),

Gi% = _<D§%,I> ngz Iggl (4)

where &9 (t
and

7') € LZ((a’b)aij)aé.;I(t

MJ —mj)Xm; 1)J —mj)X(n—m;
D LI c R(" mj)xm; DL,II c R(" m;)x(n m1)7
DJ I c Rm]xm] D] 11 € ij)((n*m]‘)7

Gi e R(n my) ><’rrLJ7G?% c IR’ran(’n—mj)7

the system corresponding to mode j in (1) becomes

% vwE s B =0
&l,(t,a) = GLel(t,a),  EN(t,b) = Gl (t,b) ()
€1(0,5) = &(s) = S;(s)u(s).

The wellposedness of the diagonal form (5) for the sys-
tem corresponding to mode j can be argued by observ-
ing that each component 53 i=1,...,n of & satisfies a
differential equation along the Cl -curve, called charac-
teristic curve, defined by the characterlstlc equation

ds ()

22 = (1) (6)

Along each curve s (t), we have

fﬁj Z b (s si(t)  (7)

) ) € Lz((av b)animj)

where bgk is the element corresponding to ¢th row and

kth column of B’. Following [9], we note that for a given
initial condition &(-) € H, the solution of these equa-
tions is a unique C°([0, 00), H) solution of (5), denoted
by £(1) = (€1(t, ), €1,(t,)T) T

We will now argue the well-posedness of the system (1)
under a given switching signal o(-). We assume non-
zenoness for the switching signals, i.e.,

(Hs) All switching signals o(-) are such that there are
only finitely many switches j ~ 5’ in each finite time
interval of Rt = {t > 0}.

The above assumption is commonly made in the field
of switched and hybrid systems to avoid zeno behavior
that is anticipated with the accumulation of switching
times leaving unclear the continuation of the continuous
dynamics beyond such accumulation points. Any given
(non-zeno) switching signal o(-) defines a mode j, € Q
for each interval |1y, T41). For an initial condition, t =
u(-) € H, we define u(t) = u(t, ) as

u(t,-) =uw'*(t,-), fort € (T4, Tky1) a.e. on (a,b) (8)
where u’*(t, ) is a solution of the system corresponding
to mode ji in (1) with the initial condition

, limy .y, tr, w*=1(t, ) if k>0,
i (B 0

Under hypotheses (H;), (Hz), and additionally (Hj)
for any switching signal o(-), the solution u(t) as con-
structed in (8) and (9) exists and we have u(-) €
C9([0,00),H). For each mode j € Q, uniqueness fol-
lows from [12], [9]. Uniqueness of the solution of (1)
results from the construction at switching times 75, fol-
lowing (9).

Alternatively, we also present a representation of the
solution u(t) as a discontinuous dynamical system
(DDS) determined by semigroups [21]. For a fixed mode
j € Q, we define the following (unbounded) operator

AJ: H D DI(A7) — 'H associated with system (5) by

o (10) = w2 (59) i (59
frr(s) frr(s) frr(s)

DI(AT) = {f = (T )T € (M (a,b)" |

Jro(a) = G fr(a), fr(b) = G fir(d >}
(10)

With (10), for any mode j € Q, (5) can be written as an
evolution equation on H:
e’ (t »
fdt( ) =Ag (), t>0. (11)
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It is well known from [20] that for a fixed j € Q, the
operator (10) generates a Cy-semigroup {17 (¢)};>0 on

Thus, for a given initial condition @ := @(-) € H and
any switching signal o(-) that defines a mode jj, for each
interval [7g, Tg41), the solution u of switching among the
original systems (1), as defined by (8) and (9), can be
represented as a DDS determined by semigroups

u(t) = S5 ()T (t = 1) S5, (Ju(me), 7 <t < Thaa

u(rg) =  lim  u(t), k=12,...

t—7r,t<Tk

(12)

starting with u(r,-) = u(0) = () and 79 = 0. Sys-
tem (12) has been obtained from the solution of (11),
which can be written in the £ coordinates for the ini-
tial condition £(0) = £(-) := Sp(+)@(-) and the switching
signal o(-) as the DDS

£(t) = T (t — n)&(me),
£(r) = S, ()5;1(),_lin

1 t<Tk

T <t < Tky1

et)k=1,2,.. 13

Remark 1 Note that because of the well-posedness the
switched system (1) under any switching signal o (), for
every T > 0, there exists a constant C(T') > 0 such that

a()llz2((a,p),km) < C(T)[(0)]| £2((a,0) rm), VE € [Oa(T]-)

14
See for example [11], [12], Section 2.1 and 2.3 for the case
of a single mode j. The extension to the switched case is
straightforward.

While proving main results in Section 3.1, we will use
the following hypothesis which is a special case of Hy:

(H}) In addition to Hy, for all j € Q and s € [a,b],
AJ(s) has exactly m negative and (n — m) positive
eigenvalues, independent of j, where 0 < m < n.

2.2 Definitions and notation

For the specific initial condition « = 0 and any switching
signal o(-), the solution u(t,-) of switching among the
systems (1) satisfies u(¢,-) = 0 for all ¢ > 0. Without
loss of generality, we will be considering this as the only
equilibrium state. For a given switching sequence o (+), we
say that the system is exponentially stable with respect
to a norm || - || if there exists ¢ > 0 and 8 > 0 such that
for every initial condition (0, -), the solution u(t,-) of
the switched system (1) satisfies

[u(t, Il < cexp(=Ft)[[u(0, )] (15)

In view of main problem (A), we then say that the
switched system is absolutely exponentially stable if it is

exponentially stable for all switching sequences o(-) sat-
isfying assumption (Hs).

In view of problem (B), we say that a value 7 > 0 is
a dwell-time of a switching signal o(-), if the intervals
between consecutive switches are no shorter than 7, that
is, Tk41 — T, > 7 for all k£ > 0.

We also define the following values for system (5)

—1
= (1} _ . . J
7y =(b a){ (i_g}}}}mj Jnin IMS)I)

-1
+<. min min |)\f(s)|) } (16)
t=mj;+1,...,n s€[a,b]

T = max7T;.
JjEQ

Intuitively, 7 is an upper bound of the time in which
the slowest of all possible characteristic curves will have
undergone reflections at both boundaries.

For amatrix M € R™*™ |M]is used to denote the matrix
whose elements are absolute values of elements of M,
i.e., M| = (|M;;]). The infinity norm and the infinity
norm associated with diagonal scaling are respectively
defined as

|M]loo = max{) | M;;|;i € {1,...,n}}

j=1
O(M) := inf{[l[yM~~|oo; v = diag{yi}, i > 0}
and it is known from ([25], Lemma 2.4, page 146) that:
O(M) = p(|M])
where p(|M|) is the spectral radius of | M|. In the context

of the switching system (1), we define N2 characterizing
matrices as follows: for each pair (j,j') € Q x Q we set

j/
G = ( Oj GR) € R™*™, (17)
Gy 0

3 Stability of switched hyperbolic system

3.1 Stability of switched hyperbolic system in diagonal
form

We first consider the simpler problem of switching
among systems which are in diagonal form, i.e., we
make the following assumption:

Assumption 1 We assume that all A’(-) are diagonal
matriz functions, 1. e.,

AV() = N () = diag(M (), N ())-
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Fig. 1. Instability by switching.

Remark 1 Note that Assumption 1 and (Hy ) imply that
S; = S;l = 1 (identity) and that the switching sys-
tem (1) with j = o(-) is equivalent to (5) with j = o(-)
having A7 = A7 and Bi = Bi. For this case, we define
ur(t, ) = & (t,-), urr(t,) = &u(t,-), Ar() == Ag(e),

aTLdA[[() A][(‘),

We denote sf()() as the characteristic path defined

by the concatenation of the characteristic curves s’ (-)
throught the switching times. Also, observe that if in ad-
dition (HY) holds, the characteristic paths can be clas-
sified into left- and right-going, independently of the
switching signal o(-).

The results we present in this section are motivated by a
simple PDE counterpart to the classical ODE observa-
tion [18] that exponential stability of all subsystems is
not sufficient for the exponential stability of the switched
system. This observation holds even under the Assump-
tion 1 as illustrated by the following example:

Example 2 Let Q = {1,2}, [a,b] = [0, 1],

(=10 , ,
N = L GL =150 —1), G% =152 — ),
0 +1

and consider £€(s) = 1 for s € (a,b). For the case of
no switching, the solution of the system &(-) for j =1
and j = 2 is zero for all t > 2, but the solution of the
system with a switching signal o(t) that is defined over
the switching times

7, =0.5,1.5,2.5,... (18)

and alternates between modes in Q starting with o(0) = 2
is not stable, i. e. ||€(t)|| o= ((a,b),r2) 5 N0t bounded ast —
o0, because the values on the right-going characteristic
emerging from s € (0,0.5) always increase by reflection
of the characteristics along the boundary. See Figure 1. O

It was shown in [23], that infinite dimensional switched
systems such as (11) are exponentially stable for arbi-
trary switching if all subsystems are exponentially stable
and the operators A’ commute pairwise. However, due
to the presence of switching boundary conditions in (1),
the operators A’ defined in (10) do not commute pair-
wise in general. Thus we will focus on conditions for the
boundary data under which the switched system is abso-
lutely exponentially stable. We begin with a very strong
sufficient condition where we require all boundary data
to be strictly dissipative [8].

Theorem 3 For any initial condition u € H, consider
switching among the systems (1) under the Assump-
tion 1. If under hypotheses (H;), (Hz) and (Hs), the so-
lution u(t) = (ur(t,") ", urr(t,)") " under any mode j
satisfies

ur(t,s) <6Aj (s)
ujj(t, S) ds

v-wer) (1)

<0 for all s € (a,b) (19)
uf (t,a)(A7(a) + (G1) " A7 (a)GY )ur (t, a)

< —rrlluz(t, a)llzm (20)
urr(t,0) " (A7;(b) + (GR) T AF(D)GR)uri(t,b)

> rrrflurr(t,0)|[zn-m (21)

for all j € Q, where the matrices GJL and G% are com-

puted according to (4), A}, A7, are defined in Remark 1,
and the constants ry,rr; > 0 are such thatry +rrp > 0,
then the switched system is absolutely exponentially sta-
ble with respect to the L?-norm, i.e., there exists 3 > 0
and ¢ > 0 such that for every initial condition @ € H,
the solution u(-) of (1) satisfies

la(t)[| 2 ((a,p),rn) < cexp (=BTl L2 ((a,p),rm)-

Proof Under Assumption 1 and referring to Remark 1,
we have u(-) = &(-). We suppose 71 > 0. The case when
rrr > 0 is analogous. We have

b
_ % / €7 (1, 5)é(t, s)ds

b
= —2/ ET(t,s)Aj(S)%f(tys)dS

T 172 ((a,5) m)

_ / " Tt (Bi(s)+ B(s)") &t s)ds
= (BTN B)E( ) + £t )TN (@€ (L)
/ et ) (2 B - B ) ete s
< b MR Y) + 6t )T el 0
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where we replaced ££(t,s) and ££(¢,s) T using (5) and
the inequality follows from condition (19). Further, using
the boundary conditions in (5) we get

L€ (0

< &1 (6,0) (M, (0) + (GR) AT ()G, ) €01 (t,D)
+&f (ta) (M (@) + (G1)TAL (G ) ()
< —rrllér(t, )l

where the inequality follows from conditions (20) and
(21). Thus, we have

t

IEDIZ2 (0 0.2y < NEO)IZ2((a ) 27) —7"1/ I€2(2, a)|*dv.
0

(22)

So we see that ||€(t)]| L2((a,5),r") is @ nOn-increasing func-
tion of ¢ for all switching signals o(-). Consider t* > 7
(say t* = T 4 p) where 7T is given by (16) and p is a
small positive number. Fix any j € Q and let #/, be the
time at which the slowest characteristic path ending up
at (a,t*) starts from (b, J) if the system was in mode j
all the time and set ¢, = minjcgt/,. Similarly, let ¢/
be the time at which the slowest characteristic starting
from (a,0) ends up at (b,t]) if the system was in mode
J all the time and set ¢, = max;cot]. By the choice of
t* > 7 we have t; < t,. See Figure 2 for an illustration
of t*,t,,t; and other variables used in the proof.

Similar to Theorem 3, page 86 in [8], we use Theorem 4.3,
page 41 in [16] to obtain an energy estimate for the equa-
tions D& = — (A7 (s)) 19,6 — (A7 (s)) "' B7(s)€ where, by
treating the direction of increasing space as time-like,
we obtain

ty ) t*
/ M@Mé@@RNwSmmﬂwy/|mwﬂw%a
t; jeQ 0

where K7 > 0 are constants corresponding to the previ-
ous inequality for each individual mode, as in [8]. Using
that |€(-)|| L2 ((a,b),r") is non-increasing independently of
o(-) and t* > 7, we have as in [8] that

ty
aw%mmwm§wqus[ Ol ——

l

Our final statement can now be established from the
formula above by induction. The above estimates are on
the time interval [0, ¢*] and inequality (22) is on [0, ¢] for
all t. Writing similar estimates on [t*,¢* 4+ 7], and using

(0.) 0.5

Fig. 2. Choosing t*, t., t;.
_ _ri(tu—ti) i
the}(jonstant v = m > 0 not depending on o (+),
we have

1€ + DIZ2((a,p) &)
<NEE T2 ((apymmy — YNEE + )22 ((a,) 2
With the constant £ = /1/(1 4 ) < 1, this implies
1€ + Tl L2((ap),rr) < ENEE) L2 ((a,b).R7)

for all switching signals o(-) satisfying (Hs). Thus, by
induction and using (14), we have
1€ +i7) |2 (a,),-m) < B INEE) ] L2 ((a0),-m)
< O)w €0 22 ((a.).rm)
= O(t") exp(i In(x))1€(0)l] L2 ((a,) k")

and finally, for a suitable constant ¢ > C(¢*) > 0,

N6 L2 ((ap),rr) < cexp(—t|In(x)])[|€(0)] 22((a,b),r7)-

O

Remark 4 Theorem 3 also holds if the assumption ry +
rrr > 0 is dropped but the inequality (19) for all j € Q
is strict for some s € (a,b).

In the following we prove another sufficient condition for
absolute exponential stability.

Theorem 5 For any wnitial condition u € H, consider
switching among the systems (1) under the Assump-
tion 1. If under hypotheses (Hy ), (Ha) and (Hs), the fol-
lowing condition holds for all j,j' € Q

(1G] <1 (23)

then there exists € > 0 such that if || B/ ()| < € for
all s € [a,b] and j € Q, then the switched system is
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T+Tmin|

Ti+2

Ti+1

T3

‘) '7/__ _______

b.. .4
Fig. 3. (a) Case 1,

absolutely exponentially stable with respect to the L°°-
norm.

Proof We adapt the arguments of Li [25] Lemma 2.1
and Lemma 2.3 for C? solutions of quasilinear systems
to the present setting. Again, under the Assumption 1,
u(-) = &(-). Following Lemma 2.1 of Li [25] and not-
ing (17), the condition (23) implies

0:= max {NGLIGR oo, 1GRIGL oo }

= =1 {Z Z 95 gty . Z Z\gzpjl\gpk

k=m+1 p=1

(24)

where G, = (g/7) and Gg = (g]fq’j/). It suffices to show
that there exists 8 > 0 and ¢ > 0 such that for any initial
condition £ € H, if (24) holds, then there exists € > 0
such that if ||B7(s)|| < e for all j € Q, then

€)1 oo ((a.b).mn) < cexp(—=Bt)[I€]| Lo ((a,b).rm) (25)

where £(+) solves of (1) for any given switching signal o (-)
(specialized to diagonal form under Assumption 1). Let

Toin = (b — a)( 225, w‘(sn)‘l

1= 1
]_1,...,N
; -1
oo = (b — a) (<22, [N (s)])
i=1,..., n
Jj=1,...,N

We define the space-time strip Q([t1,t2)) = {(t, )]t €
[t1,t2), s € [a,b]}. To show (25), it suffices to prove that
for any fixed T > 0, if (25) holds on Q([0,T1]), then it
still holds on domain ([0, T + Tinin]). We define

%) Case 2 (1£ (c) Case QC(Lii)

TED o (0,19 50 7= 5D (BOIED e (@) (26)

Assume that (25) holds on Q([0,7]) and fix some
(t*,s*) € QT, T + Tmin)). For any o(-), let z;(t;t*, s*)
denote the ith characteristic path passing through point
(t*,5*) € Q([0,00)), (i=1,...,n) 1. Then, we have

dz;(t; t*, s* - T
: dt DO 5)

zi(t55 1%, 8%) = s,

For any fixed »r = 1,...,m, consider the r-th charac-
teristic path z,.(¢;t*, s*) passing through (t*,s*). Back-
wards in time, z,(t;t*, s*) either intersects ¢ = 0 within
the interval [a, b] before hitting any boundary (case 1)
or it intersects the line s = b (case 2). See Figure 3
for an illustration with an example switching configu-
ration. The point of intersection of the characteristic
path with the boundary of the domain is denoted by
(0, 2-(0;t*,5*)) for case 1 and (¢.(t*,s*),b) for case 2
with z,(t, (t* ) t*,s%) =b.

Let z;(t;t,.(t*, s*), ) denote the I-th characteristic path
passing through (tr(t*,s%),b) {=m+1,...,n). Then,
either z;(¢;t.(t*, s*), b) intersects the line ¢ = 0 be-
fore hitting the line s = a (case 2(7)) or it hits s = a
(case 2(i7)). The point of intersection is denoted by
(0, 2 (0; t,-(t*, s*), b)) for case 2(7) and (t;(t*, s*),a) for
case 2(ii). For ease of notation, we use the notation
51 = 2z.(0;t*,s*) and 83 = 2(0;¢,-(t*, s*),b) and simply
t, for t.(t*,s*) and ¢, for t.;(t*, s*).

For case 1: Integrating the r—th equation for any r =
1,...,m and using j = o(t) in (7) we get

£ (" 5") = £:(0,51) / b7 (2 (1)) (1, 20 (1)t

! Where the dependence of z;(t;t*, s*) on o(-) is omitted for

notational convenience.
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where we use the notation z(t) for z.(t;t*,s*). Using
the bound Y p_, [0/, (s)] < eforr=1,...,m, s € [a,b],
and j € Q,

16, 5™)] < 1€l L= (o) )

v
e / IO (0 et

€C =
< <1 + B) 1€l o0 ((a,b),R7)

t
e /T 1) e (a5

where the second inequality is obtained using the as-
sumption that (25) holds on Q([0, 7). Multiplying both

sides by e(®*")| noting definition (26), and using T <
Tinax, (t* —t) < Tax for all t € (T,t*), we have

et )| < Cl||5||Lw<<a b),R™)

+C2/T Hﬁ( M £oo ((a,5),mm) @t (27)

with Cy = (1 + %)eﬁme and Cy = eefTmax,
For case 2:
£ (t",57) = &t b) — / 7L (2 ()60 (8, 2e(0)dE
t

T k=1

Using gr(trab) = Z?:m—i-l gs’jfl&rvb) with Jj= U(tr)v

we have

n

(s < D g ll€tn, b))

l=m+1

o
=+ E/ Hf(t)”Loo((a,b),R")dt (28)
tr

For case 2(i) we have

& (trab> fl 0 52 / Zb

where we use the notation z(t) for z(t;t,, b). Using the

bound Y7, |0, (s)| < eforl=m+1,...,n, s € [a,b],
and j € éc

fk t Zl( ))dt

tr
1€ (tr, D) < M€l oo ((a,b),mm) + 6/0 €@ ILoe ((a,b),rm)dt

Substltutlng this bound in equatlon (28), and using a
constant K1 = max;co Zl mtl \g 7],

&-(t", s™)| < K1llé]l oo ((ab).27)

ty t*
e [ o andt+ e [ €O e o ande
0 tr

< K1l|€| oo ((a,0),®m)

-

+K16/ ||£(t)HL°°((a,,b),]R")dt
0

€C -

<K (1 + E) 1€]1 2o ((a,b),m7)
"

e [ O e
T

where K := max{1, K, }. Now similarly to (27), multi-
plying both sides by e and using T’ < 2Ty, (£ —1) <
2T max for all t € (T, t*) we have

e (17, 87)] < C3\|§||Lw<(a b),R™)

+ 04/ Hf Ol oo ((a,0),mm) At (29)
T
with C3 = K3 (1 + %) 2BTmax gnd Cy = K1€6 Tmax

For case 2(i4), we have

f (tra b) Tla

/ Zba()

7lk1

é-k t Zl (t))dt

Using & (t,a) = Yooty g7 &t a) with j = o(ty),
we have

[€u(tr,0)| < D lgiy” 1én(tr, a)
p=1

tr
-I—E/ Hs(t)HL‘X’((a,b),R")dt
t

rl

Substituting this bound in equation (28), noting (24),
(25), we obtain
6 (87, 57)] < Oce™ M IE]| Lo ((a) )
+K16/ttl 1€ oo ((a,p),rm) A
< (0 + K;) ce™ P |€]| o ((ab) &)

.-
+ K1€/T €@ Lo ((a,0) ey A
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Multiplying both sides by e(#*") and noting that T—t,; <
2T max, We obtain

PN (17, 5%)| < Cs1€l| oo ((a,b) &™)

.
+-C%‘/; TEDN L ((apy et (30)

with C5 = ¢ (9 + %) e2PTmax and Cg = Kjee?Tmax,
Combining (27),(29), and (30), for any (t*, s*) € Q([T +

jmin
€ 7 t 7'f )| <— C || ||

tt
+Co [ €D i o o

T

with C7; = ¢ (9 + Kﬁl€) e26Tmax where we have chosen a
c such that ¢ > %.

Similar estimates can be obtained for &(¢*,s*) (I = m+
. L.j'
L,...,n) with Ky = max;jeo{1, > )", |g;,” |}:

16 (t7,5%)| < Csl|€]| Lo ((ap),mm)

t*/_\
+@A¢wwm@wmﬁ

with Cg = ¢ (0 + %) e2BTmax with ¢ > % and Cy =

Kyee?PTmax Thus, we get

IEE) oo ((a,p),mmy < CrollE@) | oo ((a,),7m)

.
+011A |£(t)HL°°((a,b),]R")dt (31)
with K3 = max{K;, K3}, Cip = ¢ <9+ %) €2 o

Ci1 = Kzee?PTmax: finally we choose ¢ > %. Now we
define

)
Mﬁrzaﬂmmwwm@+cu/ n(t)dt,
T

which is equivalent to dZ—(tt) = Cun(t) with n(T) =

ClOH‘E”LOO((a,b),Rn)- Thus,

n(t") = C10e” @ D€l oo ((a,py mm)

< Cro€® ™ ||€]| oo (a,).m)

eK. =
—. (e + 73) x| L (0, n).-

-

Note that [£(t*)[| o< ((q,),rn) < 1(t7). By selecting § and
e such that

3

we obtain

€)oo (a by ke < Cll€ll Lo ((arp) Rn)s

which completes the induction step. The induction ba-
sis follows directly from the combination of case 1 and
case 2(i). O

Remark 6 We note that the condition (23) in Theo-
rem 5 is a joint condition on left and right boundary
data for all pairs of modes j,j' € Q whereas the con-
ditions (19),(20), and (21) in Theorem 3 require dissi-

pativeness of the operator %.S(S) — BI(s) — Bj(S)T, the

left boundary space upr(t,a) = G1U1<t, a) and the right
boundary space ur(t,b) = GRurr(t,b) for all modes j €

Remark 7 Note that condition (23) implies the follow-
ing spectral radius condition to hold for the individual
subsystems with j € Q fived:

p(IG7]) < 1. (32)

Under this assumption, classical solutions of the sub-
systems are known to be exponentially stable [25]. How-
ever, assumption (32) for all j € Q is not sufficient for
the switched system to be exponentially stable. Note that
G, G in Example 2 satisfy (32) for j = 1,2, i.e., the
spectral radii of the matrices

015 00 00
G = ,G* = , and G*? = are
00 015 00

0 1.5
zero but that of the matriz G*' = (1 5 0 ) is 1.5.

Nevertheless, as common for switched ODE systems, the
switched system satisfying (32) in every mode j can be
stabilized by switching slow enough, i.e.

Corollary 8 (Dwell-Time) For any initial condition £,
consider switching among the systems (5) under the hy-
potheses (Hy )-(Hsz) and assumption (32) for all j € Q.
Then, for any T > T given by (16) assumed as dwell-
time for the switching signal o(-), the switched system is
exponentially stable with respect to the L*°-norm.

Proof From the definition of 7 in (16) it is easy to see
that if 7 > 7, then in case 2(ii), t, and t,; lie in the same
interswitching interval and all the required estimates can

Preprint submitted to Automatica
Received March 19, 2009 15:50:19 PST



CONFIDENTIAL. Limited circulation. For review only

be made using a 0 defined similar to (24) but where the
maximum is only taken over j € Q. O

3.2  Stability of switched hyperbolic system in non-
diagonal form

We now draw attention to not necessarily diagonal sys-
tems, i.e. switching among the systems (1) or equiva-
lently (12). We begin with an example showing that the
condition (23) for the boundaries is no longer sufficient
for the switched system to be absolutely exponentially
stable.

Example 9 Consider the following 2-mode switched
system (Q = {1,2}).

3,1
2 _ §u tv )a ]:1
t =
B ( 70) {_43u1(t70)7 j=2
Lu2(t,1), j=1
tl 4u(7 I
( ) {07 ]:27

for an alternating switching signal o(-) with switching
times 1, = 0.5k where k = 0,1,2,3,... and o(1p) = 1,
o(t1) =2, 0(12) = 1 and so on. Let the initial condition
be u(s) =1, s € (0,1). It can be easily seen that this
example satisfies Hy, Ha, and Hs and that

S AYST =

Sp A28 = diag(—1,1) := A,  (34)

10 12 )
and Sy = . Defining the
01 01

characteristic variables £(t,s) = (£(t,s),&2(t,8)) " as
& = Sju forj € {1,2}, the switched system (33) in char-
actemstzc variables becomes:

where S1 =

9 |\ _
3 8t+A83_o,1 55)
€(t,0) = 5€(10), €(t1) =1L 1),

and the initial condition in characteristic variables be-
come £(s) =1, s € (0,1). The characterizing matriz
for both j € {1,2} has spectral radius 0.6124 < 1. It is
easy to observe that for the system (33), the solution at
all switching times Ty, is constant in s € (0,0.5] (resp.
in s € (0.5,1)) denoted by (vi(tg),v2(r))" (resp. by
(v} (h), ’UII<Tk))T). Thus, the value of the solution at
times Ty 1S

10

_ @i, vi ()T s €0,0.5]
“Wﬂgmﬁﬂﬁmmmwf € (05.1).
(36)
where vi(1g) = v3(109) = vi;(10) = v¥;(10) = 1. The
solution at Tg41 1S
U}I (Tk) + 31)} (Tk) (0 0 5]
_ 3v1(7e) o
g(TkJrhS) = 1 9 2 (37)
711 (Tx) 4 207 (%) (0.5,1)
7 (7k) o
and the solution at Ty is
(U}I(Tkﬂ) - 30}(Tk+1)> € (0,0.5]
E(Thy2,8) = 201 (k) ’
’ (4111)%[(7743"!‘1) - 21}%(7—]@4‘1)) e (0 5 1)
V2 (Tha1) e
I\Tk+1
(38)

The quantities in equations (36) and (38) evolve as

V1 (Tht2) -9 2 -3025 v1(T8)
vi(mit2) | [45 0 15 0 V3 (k)
vhi(mse) | | =3025 0 0 vl (i)
07 (Thr2) 15 0 0 0 03 (k)

which is an unstable system. Thus, ||(Tk, )|l L= ((0,1),r2)
and [|u(Tk, )| Lo ((0,1),r2) s not bounded as k — oo.

We recall the fact that a set of diagonizable matrices are
simultaneously diagonizable if (and only if) they com-
mute. As an easy consequence of simultaneous diagonal-
izability of all subsystems in (1), we have the following.

Corollary 10 The statements of Theorem 3, Theorem
5 and Corollary 8 in Section 3.1 also hold for switch-
ing among the non-diagonal systems (1) if the advec-
tive velocity matriz functions commute pairwise, i.e.
Al (s)AT (s) = AT (s)AI(s) for all j,j € Q and for all
s € [a, b]

Proof Under the simultaneous diagonalizability, we
have S;(-) = S(-). Now the equations (13) and (12)
respectively give &(t) = T (t — 73,) ... T (11 — 79)&(+)
and u(t) = S~1(-)&(t) for t € (73, Try1). Results from
Section 3.1 can now be extended to this setting. O

For general, possibly not commuting matrices A7, the
difficulty comes with a (sufficiently tight) growth bound
for the semigroups in (12) in terms of the boundary data
in order to obtain absolutely exponential stability as in
[21].
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Hy(t,s)
W) |

Reach 2 ——

wy(t) wl o (0) |

——— Reach 1

whe (1) |

+——— Reach m ——

wi(t)

gm+2

El £"L+ 1 52
' \/ v
0 s 0 s

Fig. 4. (a) Cascade of canals operated by multi-mode under-
flow sluice gates. (b) Characteristic variables characterizing
each reach.

4 Application for linearized Saint-Venant equa-
tions

We apply the stability results to water flow in a cascade
of m canal reaches as depicted in Figure 4 (a). Consider a
setting in which a supervisory controller selects between
a set of boundary control actions applied at the under-
flow sluice gates with corresponding gate openings w;
for reach ¢ in mode j. Theorem 5 can be applied to inves-
tigate the stability of linearized dynamics to a steady-
state flow in such a m—reach cascade of open channels
for a situation in which boundary control actions switch
between a number of modes.

The flow of water in reach ¢ is characterized by velocity
Vi(t, s) and elevation H;(t,s). For horizontal, prismatic
canals with rectangular cross-section, frictionless walls
and normalized length, the flow, under gravity g, satisfies
the Saint-Venant equations [17]

0

0

0 ( Hi n ViH;\ 0 (Hi\
ot \ v g Vi) 95\ V

fori =1,...,m, each defined on the domain {(¢,s) : 0 <
t < 00,0 < s < 1}. Following [4], let the initial data be
given by H;(0,s), V;(0,s) and the boundary conditions
modeling decentralized feedback control actions in mode

j together with flow conservation for each reach ¢ be
given by

(39)

(wg(t) Hyp, H1(¢,0),V1(t,0)) =0
£ (i (), Hi(t,1), Hia (t,0), Vi(t, 1)

Fu(wh (8), Hin(t,1), Hao, Vin (£, 1))
Hi(t, 1)Vi(t,1) = Hi1 (¢, 0) Vit (2,

)

)

where Hy,, Hqo are the (known) up and down stream
water levels.

Assume that under constant gate openings w; and con-
stant Hyp, Hgo, each reach attains a uniform steady state

(H;,V;) such that Hqo < H,, < ... < Hy < Hy, and

Hun(t, s) Hao

11

H,Vi > 0. Using v;(z,t) =
Hz(xat) -

9 [ hi N Vi Hi\ o
ot Vi g ‘7; 0s
with initial conditions h;(0, ), v;(0,-) fori = 1,...,m

The traditional Riemann coordinate change [1

&i(t,s) = hi(t,s) + viv/Hi/g, Emvi(t,s) = hi(t,s)
viv/H;/g leads to a diagonal system:

0 &
& fm«ki
with )\z = (\/

Under sub-critical flow, the eigenvalues satisfy \; < 0 <
Am-+i. For the system of m—canal reaches, equation (41)
can be written in the form

1 Vi(z,t) — V; and hy(z,t) =
H;, the linearized model can be written as

()= ()

(40)

— = 41

— Vi) and A\ = (VVgHi + Vi).

0€ + NOsE =0, (42)
where & = (&1, &myEmats - &am) | and A =
diag(A1, ..., Aaym) (see Figure 4 (b)). Moreover, setting
€1 = (€1, ) €11 = (Emi1,- - -+ Eam) and taking into

account the coordinate transformation while assuming
sufficient regularity of f/, the boundary conditions in
linearized form for each j can be rewritten as

Err(t,0) = GL&1(1,0)  &1(t,1) = GRér(t,1)  (43)

with appropriately defined jacobians Gi, Gf;{ (for details
on the derivation for an explicit control law f7 see [4]).

Our results from Section 3.1 provide a set of sufficient
conditions for solutions of (42)-(43) to decay for any ad-
missible supervisory control action, e. g. as to pursue su-
perior objectives. In this context, the dwell-time results
appear to be conventional, taking into account the mul-
tiscale peculiarity of the modeling.

5 Final remarks

We present first results on stability of infinite dimen-
sional systems that undergo switching among a set of
hyperbolic PDEs that may differ in the system matrix
function and/or boundary conditions. For the case when
constituent PDEs are in diagonal form, we derive suffi-
cient conditions for asymptotic stability under arbitrary
switching signals. These results extend the well-known
sufficient conditions of [8] and [25]. For the case when
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the system matrix functions are not diagonal, these re-
sults hold when they are jointly diagonalizable. This re-
sults in a commutativity condition that has an analogue
in the switched ODE literature [18].

It should have become clear that, although the switching
signal was taken as global, the results apply for switch-
ing the boundary conditions or system matrices individ-
ually by introducing appropriate auxiliary modes, this
is just a matter of notational convenience. So our re-
sults can be applied to study the stability of linearized
Saint-Venant equations that model water flow in open-
channels under abruptly changing boundary conditions
and operating regimes. In this context, it should also
be noted that Theorem 3 allows for an (abrupt) change
of sign for the eigenvalues in the system matrices. Thus
we provide a comparatively easy but mathematically so-
phisticated model to treat stability in the context of
transcritical flow regimes, e.g. in combination with se-
quential linearization.

Lastly, our results motivate further study of stability of
PDE system that undergo switching in time, in particu-
lar, future direction of work should include extension of
a Lyapunov theory for switched PDE systems.
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