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Abstract

A new sub�lter-scale (SFS) stress model for large-eddy simulation (LES) is proposed

using successive inversion of a Taylor series expansion to represent the unknown full

velocity in terms of the �ltered velocity. The resulting expression for the SFS stress

satis�es the SFS stress evolution equations to a prede�ned order of accuracy in the �lter

width (the truncation order of the series expansion). The modeled SFS stress is thus

in
uenced by buoyancy, viscous, pressure, and Coriolis e�ects just as the velocity �eld

is. The series expansion model is of scale-similarity form, and reduces to the Bardina

model [1] at lowest order. Preliminary tests of the model are presented using a modi�ed

wave number analysis and a priori testing using a direct numerical simulation (DNS) of

sheared, stably-strati�ed homogeneous turbulence. It is found that the model exhibits

very high correlations with the exact SFS stress.



Introduction

Large-eddy simulation is a method in which the larger scales of a turbulent 
ow are simulated
accurately, while the smaller, sub�lter, scales are not resolved in the numerical simulation
and must be modeled. (We use the term \sub�lter-scale", rather than \subgrid-scale", to
denote the unresolved velocity and stress �elds, as the size of the �lter should be greater than
the size of the grid upon which spatial discretization is based [2].) The sub�lter-scale model
must be based on knowledge of the resolved scale behavior alone. Leonard [3] provided early
theoretical and practical bases for LES. Bardina et al. [1] made a seminal contribution by
introducing the scale-similarity model, which has been shown to be an essential component
of a correct SFS model. While eddy viscosity models such as that used by Smagorinsky [4]
assume a form for the SFS stress, scale-similarity models create an approximation to the
full velocity �eld and use this to estimate the SFS stress, �ij = uiuj � uiuj. Thus, in the
Bardina model, the full velocity is approximated by the �ltered velocity, ui � ui, to obtain
�ij � uiuj � uiuj. This was the �rst SFS model that used the smallest resolved scales as its
basis.

Further improvement in estimates of the SFS stress were seen with the introduction of
dynamic models. Zang et al. [5] introduced a two-component model based on Bardina's
mixed model [1] and the dynamic model of Germano et al. [6]. Mixed models can represent
both back-scatter of small-scale energy to the larger scales and forward-scatter, or dissipation
of large-scale energy by the small scales; both are essential for a reasonable representation
of the sub�lter-scale e�ects. Piomelli [7], Sarghini et al. [8], and Lesieur and M�etais [9] give
comprehensive reviews of and further insights to large-eddy simulation and the variety of
sub�lter-scale models that have been introduced.

In the scale-similarity approach, the approximation for �ij would be more accurate if
a higher order approximation to the full velocity �eld could be obtained. A more exact
representation of SFS motions is especially desirable for applications of LES to computation
of complex 
ows, including geophysical 
ows. In such cases the sub�lter scales are probably
not isotropic, as assumed in eddy viscosity SFS models. Shah and Ferziger [10] proposed
a new non-eddy-viscosity model (the stimulated small scale, or S3, model) in which a local
approximation of total quantities in terms of �ltered ones is introduced; the scale-similarity
model is a special case. In this paper we propose a simpli�ed version of the S3 model.

Domaradzki and Saiki [11] also developed a method which creates an estimate of the
sub�lter-scale velocity based on the resolved scales. This estimate is then used to calculate
the SFS stress. Their model is a generalization of Bardina's scale-similarity model. The
model was designed for spectral space calculations, but has been extended to physical space
by Domaradzki and Loh [12]. With a similar approach, Geurts [13] developed a generalized
scale-similarity model using a polynomial to approximate the inverse �ltering operation.
Recently, Stolz and Adams [14] also proposed an approximate deconvolution procedure for
estimating the velocity.

Velocity estimation methods that lead to models of the scale-similarity type are only valid
for 
ows in which the interaction between resolved and unresolved scales occurs primarily
in the vicinity of the �lter cuto�. As noted by Domaradzki and Saiki [11], this seems to be
the case for all low Reynolds number cases that have been investigated experimentally and
numerically (see e.g. [15]).

In the SFS model described here, the unresolved velocity is represented by successive
inversion of a Taylor series expansion of the resolved velocity �eld. This representation is
used to estimate the velocity in the same spirit as the recently introduced methods described
above. The expansion is easily derived and can be shown to be a good approximation to the
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unresolved velocity �eld, at least in low Reynolds number 
ows. The mathematical expan-
sion serves to close the Navier-Stokes equations by providing an expression for the sub�lter
stress, �ij. Furthermore, in analogy to Reynolds-averaged modeling where the Reynolds
stress equations are modeled, one can derive the evolution equations for the sub�lter-scale
stress. These evolution equations allow systematic evaluation of the relative contributions by
advection, di�usion, dissipation, pressure, rotation, and strati�cation in the sub�lter-scale
e�ects felt by the resolved components of the 
ow. The approach is similarly applied to the
scalar transport equation, as done by Katopodes et al.[16].

In this paper, we prove that the model for the stresses obtained by the series expansion
method is an exact solution of the evolution equations for the sub�lter-scale stresses, to a
known accuracy (the series truncation order) in the �lter width. We subsequently illustrate
the behavior of this model applied to a test function, and give results from a priori tests
based on DNS data for a stably-strati�ed shear 
ow.

An important feature of the series model is that it is easily applied when the �lter width
is not equal in all directions, which is the case for the DNS data used herein. No parameters
occur in the model, and nothing is assumed about the form of the SFS motions. The
model should thus be able to capture anisotropic motions better than eddy viscosity models.
Furthermore, the order of accuracy of the method is determined by the series truncation order
chosen. Models of the scale-similar form are also invariant under Galilean transformations
[17], and exhibit correct near-wall behavior [8]. The S3 model of Shah and Ferziger [10], to
which this model is related, has been shown to be superior to the Smagorinsky and mixed
models in LES of plane channel 
ow and 
ow past a cubic obstacle [18]. Similar behavior is
expected with the series expansion model as the two models are equivalent to fourth order
in the �lter width [19]. The model presented here is also very easy to implement.

Derivation of SFS evolution equations and series expansion model

In the following discussion, all variables are assumed to be smooth; no discretization is
applied. We begin with the Navier-Stokes equations, written with the Boussinesq approxi-
mation for buoyancy e�ects and the Coriolis force included,

@ui
@t

+ uj
@ui
@xj

= �
1

�0

@P

@xi
+ �

@2ui
@xj@xj

�
�

�0
gÆi3 + �imnfnum : (1)

Here ui denotes the velocity, � the density, �0 the reference density, � the kinematic viscosity,
P the pressure, and fn the Coriolis parameter. Repeated indices indicate summation. The
spatially �ltered equations are

@ui
@t

+ uj
@ui
@xj

= �
1

�0

@P

@xi
+ �

@2ui
@xj@xj

�
�

�0
gÆi3 + �imnfnum �

@�ij
@xj

(2)

where the SFS stress is de�ned as

�ij = uiuj � uiuj : (3)

Properties of the �lter are described later. The �ltered equations are not closed due to the
nonlinear term uiuj included in �ij. We can seek to close the problem by developing an
evolution equation for �ij by the following procedure.

We �rst obtain an evolution equation for uiuk by multiplying the Navier-Stokes equation
for ui by uk, the analogous equation for uk by ui, and adding the two equations together.

2



We then use integration by parts to express the viscous and pressure terms in more familiar
forms. Filtering the resulting equation gives the evolution equation for uiuk. Similarly, we
can develop an evolution equation for uiuk. Now subtracting the equation for uiuk from the
equation for uiuk, we obtain an evolution equation for �ij:

@�ik
@t

+ uj
@�ik
@xj

= �uj
@uiuk
@xj

+ uj
@uiuk
@xj

+ uk
@�ij
@xj

+ ui
@�kj
@xj

�
1

�0

 
@uiP

@xk
�
@uiP

@xk
+
@ukP

@xi
�
@ukP

@xi

!

+
1

�0

 
P
@ui
@xk

� P
@ui
@xk

+ P
@uk
@xi

� P
@uk
@xi

!

+ �
@2�ik
@xj@xj

� 2�
@ui
@xj

@uk
@xj

+ 2�
@ui
@xj

@uk
@xj

�
g

�0
(�ukÆi3 � � ukÆi3 + �uiÆk3 � � uiÆk3)

+ fn(�imn�mk � �kmn�mi) : (4)

It has been assumed that the �ltering operation commutes with the spatial derivatives, which
is true for a spatially homogeneous �lter. Some error is introduced if this is not so [20].

Equation (4) describes the evolution of the SFS stress tensor �ik; it is seen that �ik is in-

uenced by advection, di�usion, pressure, buoyancy, and Coriolis terms. The pressure terms
are written in the familiar form separating the so-called \pressure-di�usion" and \pressure-
strain" terms. The viscous terms include transport and dissipation terms. Several advection
terms appear due to the rearrangement of the equations, one of which is the triple velocity
correlation term. It is desirable that a model for the SFS stresses capture the e�ect of all
of these terms. Note that these equations involve the full velocity and pressure �elds, as
no decomposition has been made. If the Reynolds decomposition is performed, separating
all terms into average and 
uctuating components, and the averaging rules of the Reynolds-
Averaged Navier-Stokes equations are used, equation (4) reduces to the well-known Reynolds
stress evolution equation. There the \pressure strain" and other familiar terms arise as cor-
relations of 
uctuating variables instead of the full variables.

Equation (4) is not closed because new correlation terms have appeared; if we are to
obtain an expression for �ik to be used in the resolved 
ow equation (2), we must make
approximations to relate the unclosed terms to known terms from the resolved 
ow. The
traditional procedure has been to use scaling and physical arguments to model the unclosed
terms. Here, we follow a purely mathematical approach to obtain an approximate solution
to these equations. With that aim, we introduce a multi-dimensional Taylor expansion for
the velocity, density, and pressure �elds at any point, e.g.,

ui(x
0

j) � ui(xj) + (x0m � xm)
@ui(xj)

@xm
+
1

2
(x0m � xm)(x

0

n � xn)
@2ui(xj)

@xm@xn
+ � � � ; (5)

using index notation for compactness. The Taylor expansion was used in this way over
twenty years ago by Leonard [3].

We now apply an anisotropic Gaussian �lter:

ui(x; y; z) =
Z
1

�1

Z
1

�1

Z
1

�1

G(x� x0; y � y0; z � z0)ui(x
0; y0; z0) dx0dy0dz0 (6)
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where

G(x; y; z) =
63=2

�3=2�2
x�

2
y�

2
z

exp

 
�
6x2

�2
x

�
6y2

�2
y

�
6z2

�2
z

!
(7)

and �x;�y;�z are the �lter sizes in each direction. Other �lters could be used here, including
asymmetric �lters, with a change in the expansion coeÆcients below. (However, see the
consequences of the use of the spectral cuto� �lter discussed in the following sections.) The
Gaussian �lter eliminates all terms with odd powers of x, y, or z, due to symmetry, so that
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+O(�6) : (8)

Asymmetric �lters would give a more complex expression because all derivative terms would
be retained. Rearranging and using this expression recursively, we obtain

ui(x; y; z) � ui(x; y; z)�
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which expresses the full velocity at a point (x; y; z) in terms of the �ltered velocity at that
point. If the �lter is isotropic, (9) reduces to

ui(x; y; z) � ui(x; y; z)�
�2

24
r2ui +

�4
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This simpli�ed form of the Taylor expansion will be used in the remaining derivations, as the
anisotropic form is more cumbersome algebraically. Terms of O(�4) and higher will also be
ignored subsequently. The anisotropic results to fourth order can be recovered by replacing
�2

24
r2 by

�2

x

24

@2

@x2
+
�2

y

24

@2

@y2
+
�2

z

24

@2

@z2
: (11)

Generation of expanded evolution equations for �ij

In Reynolds-averaged modeling, the evolution equations for �ij are often simpli�ed by ne-
glecting various terms. It is therefore of interest to determine the importance of these terms
in the evolution of the SFS stress as given by (4). To obtain a closed form of the equations,
we now substitute the expansion in equation (10) (and similar expansions for pressure and
density) into the unclosed terms in equation (4) and simplify. The evolution equation for
�ik, accurate to O(�

4), is then

@�ik
@t

+ uj
@�ik
@xj

= �uj
@uiuk
@xj

+
�2

24

 
uj
@uir2uk
@xj

!
+
�2

24

 
uj
@ukr2ui
@xj

!
+
�2

24

 
r2uj

@uiuk
@xj

!

4



+ uj
@uiuk
@xj

�
�2

24
uj

 
@uir2uk
@xj

!
�

�2

24
uj

 
@ukr2ui
@xj

!
+ uk

@�ij
@xj

+ ui
@�kj
@xj

�
1

�0

2
4@ukP
@xi

�
�2

24

0
@@Pr2uk

@xi

1
A�

�2

24

0
@@ukr2P

@xi

1
A�

@ukP

@xi

+
@uiP

@xk
�

�2

24

0
@@Pr2ui

@xk

1
A� �2

24

0
@@uir2P

@xk

1
A�

@uiP

@xk

3
5

+
1

�0

"
P
@uk
@xi

�
�2

24

 
P
@r2uk
@xi

!
�

�2

24

 �
r2P

� @uk
@xi

!
� P

@uk
@xi

+ P
@ui
@xk

�
�2

24

 
P
@r2ui
@xk

!
�

�2

24

 �
r2P

� @ui
@xk

!
� P

@ui
@xk

#

+ �
@2�ik
@xj@xj

� 2�
@ui
@xj

@uk
@xj

+ �
�2

12

@ui
@xj

@r2uk
@xj

+ �
�2

12

@r2ui
@xj

@uk
@xj

+ 2�
@ui
@xj

@uk
@xj

�
g

�0

 
�uk �

�2

24
�r2uk �

�2

24
ukr2�� � uk

!
Æi3

�
g

�0

 
�ui �

�2

24
�r2ui �

�2

24
uir2�� � ui

!
Æk3
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Eqs. (12) are a closed set of equations for �ik; the contribution of all the �ltered quantities to
the evolution of �ik can be explicitly computed. Such a set of equations could be solved for the
six independent components of �ik, without need for further simpli�cations or assumptions.
Although feasible, this would add a signi�cant computational expense to the solution of the
resolved 
ow equation (2). The solution obtained for ui would be accurate to O(�4).

Generation of the �ij models

In the spirit of velocity estimation models, instead of solving six more equations for �ik, we
derive models for �ij by substituting the series expansion for the velocity (10) directly into
(3). When the unclosed term is expanded, and terms fourth order and higher are neglected,
we obtain

Model 1: �ik = uiuk � uiuk �
�2

24
uir2uk �

�2

24
ukr2ui : (13)

If the explicit term, uiuj, is also expanded, the representation becomes

Model 2: �ik = uiuk � uiuk �
�2

24
uir2uk �

�2

24
ukr2ui +

�2

24
uir

2uk +
�2

24
ukr

2ui : (14)
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To second order in the �lter width, equation (14) reduces to the Bardina scale-similarity
model. This scale-similarity property of (14) will later be shown to have desirable e�ects
(see a priori test section). The higher order terms that are not present in the Bardina model
can be shown to be dissipative [21]. Further properties of these two models will be discussed
in the sections that follow.

Though we did not directly solve the evolution equations for �ik, we can substitute equa-
tion (13) into the evolution equation (12) to demonstrate that it is indeed a solution, as the
resulting equation is the sum of the evolution equations for the components of (13). It is
perhaps more straightforward to construct the evolution equation for the approximate form
(13) and show that it is the same as (12). This is done by a similar procedure used to derive
equation (4). After adding and subtracting the evolution equations for each of the terms
that make up the approximate �ik, and simplifying using the series expansion introduced
previously to e�ectively \unbar" certain terms (see text leading to equation (31) in the Ap-
pendix), we obtain (12) to O(�4). Thus, to fourth-order accuracy in the �lter width, �, we
have a solution for the sub�lter-scale stresses, �ik. As can be shown by a similar procedure,
equation (14) is a solution, to fourth order, of the analogous version of (12) obtained when
the closed terms are expanded as well. Note that the evolution equation developed for the
approximate �ik indicates that these sub�lter-scale stresses are in
uenced by buoyancy and
Coriolis forces, as well as di�usion, pressure and advection terms, just as the resolved veloc-
ities are. Thus the expressions (13) and (14) for �ik capture the e�ects of all of the relevant
physical mehanisims, to fourth order in the �lter width.

Two �nal observations are worthwhile. First, the preceding analysis can be carried out
with any spatially homogeneous �lter. Indeed, up to fourth order in the �lter width, the
analytical results for the tophat �lter (see equations (16) and (17) below) are identical.
However, special consideration is needed if a spectral cuto� �lter is used. As concluded by
Domaradzki and Saiki [11] after examining several analyses and theories, \the SGS energy
transfer is dominated by energy exchanges among resolved and unresolved scales from the
vicinity of the cuto�." Thus, as Leonard [3] pointed out, \large wave-number Fourier modes
need the assistance of small wave-number modes to transfer energy from large scales to
small scales. In the Fourier method the sharp cuto� in wave-number space precludes such
a transfer." Accordingly, the sharp-cuto� �lter is ill-suited to velocity estimation methods,
including the series expansion model presented here. If it were used, two di�erent cuto�
wavenumbers would be needed for terms �ltered more than once to prevent the Bardina
term from disappearing [5].

Second, any fourth-order approximation to the full velocity in terms of the resolved �eld
would yield a SFS stress model accurate to fourth order in the �lter width. The nice feature
of the series expansion model used above is that if the velocity �eld is suÆciently smooth,
the fourth-order approximation is a simple mathematical expression that does not involve
empirical modeling.

Rudimentary tests of the model

Following the example of Geurts [13], we perform a modi�ed wave number analysis of the
models (13) and (14). We consider one mode of a velocity �eld, u = exp(ikx), and evaluate
the one-dimensional SFS stress,

� = u2 � u2 : (15)
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We use two di�erent �lters, de�ned in one-dimensional form as

f(x) =
Z
1

�1

H(x� x0)f(x0)dx0 (16)

where

HG(x) =

s
6

��2
exp

 
�
6x2

�2

!
; HT (x) =

(
1=� for jxj � �=2

0 for jxj > �=2
(17)

for the Gaussian �lter and the tophat �lter, respectively. The �ltered velocity takes the form

u = G(k�) exp(ikx) ; (18)

where

GG(k�) = exp

 
�
k2�2

24

!
; GT (k�) =

sin k�=2

k�=2
; (19)

for the Gaussian and tophat �lters, respectively. The series expansion used to represent the
un�ltered velocity becomes

u� = A(k�)G(k�) exp(ikx) ; (20)

where

AG(k�) =

 
1 +

k2�2

24
+
k4�4

1152

!
(21)

for the Gaussian �lter, and

AT (k�) =

 
1 +

k2�2

24
+
7k4�4

5760

!
(22)

for the tophat �lter. The truncation order of A(k�) can be speci�ed, and is O(�6) above.

In Figure 1 we plot the amplitude, A(k�)G(k�), of (20) versus k� for the two �lters
with di�erent truncation orders of the expansion in A(k�). This corresponds to �gure 1 in
[13]. The fourth-order accurate approximation (6th-order truncation error) gives the best
results. In all cases, the amplitude deviation from 1 increases with k�, but the agreement
is good for k� < �, the range of interest. In particular, the Gaussian �lter gives a much
better approximation to the full velocity than the tophat �lter, especially at higher k, as the
�lter is smooth in both physical and Fourier space, and includes the in
uence of a broader
range of the velocity �eld. The tophat �lter oscillates in Fourier space and hence introduces
spurious higher modes into the �ltered velocity �eld.

The exact form of the SFS stress for u = exp(ikx) is

�G =
h
GG(2k�)�G2

G(k�)
i
exp(2ikx) ; (23)

for the Gaussian �lter, and

�T =
1

2

h
1�G2

T (k�)
i
�

1

2

h
GT (2k�)�G2

T (k�)
i
exp(2ikx) ; (24)

for the tophat �lter, which is the equation given by Geurts [13]. The approximate forms
are found by using the estimate of the un�ltered velocity given in (20) to obtain the 1-D
representation of (13):

Model 1: �M1 = u�2 � u2 ; (25)
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�
tw
ice.

T
h
e
am

p
litu

d
e
of

th
e
oscillatin

g
p
arts

of
�
G
M

1 ,
�
T
M

1 ,
an
d
�
M

2
are

sh
ow

n
in

�
gu
res

2-5
for

d
i�
eren

t
tru

n
cation

ord
ers

of
th
e
m
o
d
els.

T
h
e
ap
p
rox

im
ate

form
s
are

sh
ow

n
versu

s
th
e

am
p
litu

d
es

of
th
e
oscillatin

g
p
arts

of
th
e
ex
act

�
given

in
eq
u
ation

s
(23)

an
d
(24)

for
each

�
lter.

A
gain

,
th
e
agreem

en
t
for

k
�

<
�
is
go
o
d
.
O
f
th
e
m
o
d
els

for
�
,
M
o
d
el

1
seem

s
to

p
erform

b
etter

th
an

M
o
d
el

2,
an
d
th
e
G
au
ssian

�
lter

m
o
d
els

are
m
ore

e�
ective

th
an

th
e

top
h
at

m
o
d
els

in
rep

resen
tin

g
th
e
su
b
�
lter

stress
at

h
igh

er
w
ave

n
u
m
b
ers.

F
igu

res
6
an
d

7
sh
ow

a
com

p
arison

of
M
o
d
el

1
an
d
M
o
d
el

2
for

each
�
lter

ty
p
e.

It
is
seen

th
at

for
th
e

G
au
ssian

�
lter,

M
o
d
el
1
is
very

close
to

th
e
ex
act

su
b
�
lter

stress,
an
d
M
o
d
el
2
is
also

q
u
ite

go
o
d
.
M
o
d
el
1
also

p
erform

s
b
etter

th
an

M
o
d
el
2
for

th
e
top

h
at

�
lter.

T
h
e
top

h
at

�
lter

version
in

(29)
sh
ow

n
in

�
gu
re

3
can

b
e
com

p
ared

to
�
gu
re

2
in

G
eu
rts

[13].
T
h
e
fou

rth
-ord

er
m
o
d
el

d
erived

h
ere

gives
resu

lts
com

p
arab

le
to

or
p
erh

ap
s
sligh

tly
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b
etter

th
an

th
e
case

L
=

2
in

[13].
A
s
w
as

d
on
e
b
y
G
eu
rts,

th
is
test

cou
ld

b
e
ex
ten

d
ed

to
th
e
gen

eral
case

u
= P

k
ex
p
(ik

x
)
to

p
rov

id
e
sim

ilar
in
form

ation
ab
ou
t
th
e
velo

city
ap
p
rox

i-
m
ation

,
b
u
t
w
e
sh
all

n
ot

d
o
th
is.
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re
2:

A
m
p
litu

d
e
of

�
G
M

1
(G

au
ssian

�
lter)

an
d
ex
act

�
.
S
olid

lin
e:

ex
act;

d
otted

lin
e:

2n
d
-ord

er
m
o
d
el;

d
ash

ed
lin

e:
4th

-ord
er

m
o
d
el;

d
ash

-d
otted

lin
e:

6th
-ord

er
m
o
d
el.

A
p
rio

ri
te
sts

A
m
ore

rob
u
st

p
relim

in
ary

test
of

th
e
su
b
�
lter-scale

m
o
d
el
is
p
rov

id
ed

b
y
an

a
p
rio

ri
test

[22,
1,
15],

in
w
h
ich

d
ata

from
a
d
irect

n
u
m
erical

sim
u
lation

(D
N
S
)
are

�
ltered

an
d
com

p
ared

to
th
e
m
o
d
el.

A
p
rio

ri
tests

in
d
icate

th
e
d
egree

of
correlation

b
etw

een
th
e
m
o
d
eled

an
d
ex
act

su
b
�
lter-scale

term
s
an
d
are

u
sefu

l
in
d
ication

s
of

th
e
ex
p
ected

p
erform

an
ce

of
a
S
F
S
m
o
d
el

in
actu

al
L
E
S
com

p
u
tation

s
(a

po
sterio

ri
tests).

C
om

p
arison

s
can

b
e
m
ad
e
at

th
e
ten

sor
(�
ij ),

vector
(@
�
ij =@

x
j ),

an
d
scalar

(�
ij @

u
i =@

x
j )
levels.

A
lth

ou
gh

a
h
igh

correlation
(close

to
on
e)
w
ith

th
e
ex
act

valu
e
is
n
ot

a
su
Æ
cien

t
con

d
ition

for
a
go
o
d
S
F
S
m
o
d
el,

it
is
certain

ly
a
d
esirab

le
featu

re.
O
f
th
e
com

m
on
ly
u
sed

S
F
S
m
o
d
els,

it
is
k
n
ow

n
th
at

th
e
S
m
agorin

sk
y
m
o
d
el
d
o
es

p
o
orly

in
a
p
rio

ri
tests,

as
th
e
m
o
d
eled

�
ij
is

n
ot

align
ed

w
ith

th
e
actu

al
stress

ten
sor.

T
h
e
S
m
agorin

sk
y
m
o
d
el
is,

h
ow

ever,
ab
le
to

p
ro-

v
id
e
ad
eq
u
ate

d
issip

ation
an
d
th
u
s
p
erform

s
fairly

w
ell

in
som

e
actu

al
L
E
S
.
S
cale-sim

ilarity
m
o
d
els

(e.g.
th
e
B
ard

in
a
m
o
d
el),

on
th
e
oth

er
h
an
d
,
d
isp

lay
very

go
o
d
correlation

s,
b
u
t
d
o

n
ot

d
issip

ate
en
ou
gh

en
ergy

w
h
en

im
p
lem

en
ted

in
L
E
S
.
A

po
sterio

ri
tests

are
n
ecessary

to
ob
tain

com
p
lete

in
form

ation
on

a
m
o
d
el's

p
erform

an
ce

an
d
,
in

p
articu

lar,
on

th
e
actu

al
level

of
en
ergy

d
issip

ation
.
A
n
a
po
sterio

ri
test,

u
sin

g
th
is
S
F
S
m
o
d
el
in

an
L
E
S
sim

u
lation

,
is

cu
rren

tly
b
ein

g
u
n
d
ertaken

b
y
L
.
D
in
g
in

ou
r
lab

oratory.
H
ow

ever,
ratios

b
etw

een
m
o
d
eled

an
d
ex
act

q
u
an
tities

(p
articu

larly
at

th
e
scalar

level)
ob
tain

ed
from

a
p
rio

ri
tests

p
rov

id
e
a

q
u
ick

assessm
en
t
as

to
w
h
eth

er
th
e
m
o
d
el
p
rov

id
es

ad
eq
u
ate

d
issip

ation
.

T
h
e
D
N
S
d
ataset

u
sed

h
ere

is
from

th
e
sh
eared

an
d
stab

ly
-strati�

ed
h
om

ogen
eou

s
tu
r-

b
u
len

t


ow

com
p
u
tation

s
p
erform

ed
b
y
S
h
ih

et
a
l.
[23].

T
h
e
R
ey
n
old

s
n
u
m
b
er

b
ased

on
th
e
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3:

A
m
p
litu

d
e
of

�
T
M

1
(top

h
at

�
lter)

an
d
ex
act

�
.
S
olid

lin
e:

ex
act;

d
otted

lin
e:

2n
d
-ord

er
m
o
d
el;

d
ash

ed
lin

e:
4th

-ord
er

m
o
d
el;

d
ash

-d
otted

lin
e:

6th
-ord

er
m
o
d
el.

T
ay
lor

m
icroscale

is
89:44,

th
e
R
ich

ard
son

n
u
m
b
er

is
0.16,

an
d
th
e
n
on
d
im

en
sion

al
sh
ear

n
u
m
b
er

is
2:0.

T
h
e
D
N
S
d
ata,

u
i ,
are

d
e�
n
ed

on
a
128

3
grid

w
ith

d
om

ain
size

2�
3
w
h
ere

�
D
N
S
<

�
L
E
S
.
T
h
e
D
N
S
grid

is
an
isotrop

ic
d
u
e
to

co
ord

in
ate

stretch
in
g
factors

u
sed

for
com

p
u
tation

of
th
e
h
om

ogen
eou

s
sh
ear



ow

.
H
ere,

x
1
is
th
e
stream

w
ise

d
irection

,
x
2
is
th
e

vertical
d
irection

,
an
d
x
3
is
th
e
sp
an
w
ise

d
irection

;
sh
ear

is
ap
p
lied

in
th
e
x
1 ;x

2 -p
lan

e.
T
h
e

D
N
S
d
ata

are
sam

p
led

on
th
e
scale

of
th
e
L
E
S
grid

an
d
�
ltered

u
sin

g
a
G
au
ssian

�
lter

of
w
id
th

�
=

2�
L
E
S
to

ob
tain

th
e
L
E
S
�
eld

,
u
i .

T
h
is
�
lter-grid

ratio
is
ch
osen

so
th
at

th
e

d
iscretization

errors
in

an
actu

al
L
E
S
w
ou
ld

b
e
sm

aller
th
an

th
e
con

trib
u
tion

of
th
e
S
F
S

term
s
[2].

S
in
ce

th
e
D
N
S
d
ata

rep
resen

t
th
e
ex
act

velo
city

�
eld

,
th
e
ex
act

su
b
�
lter-scale

stress
can

b
e
com

p
u
ted

at
each

p
oin

t
on

th
e
grid

.
T
h
e
m
o
d
eled

S
F
S
stress

can
b
e
com

p
u
ted

from
th
e
L
E
S
�
eld

d
e�
n
ed

on
th
e
L
E
S
grid

,
an
d
com

p
ared

to
th
e
ex
act

stress
at

th
e
sam

e
p
oin

ts
on

th
e
L
E
S
grid

.
T
h
e
correlation

co
eÆ

cien
t
an
d
th
e
ratio

of
th
e
rm

s
valu

es
are

th
en

com
p
u
ted

for
each

of
th
e
S
F
S
stress

com
p
on
en
ts.

T
h
e
correlation

co
eÆ

cien
t
m
easu

res
th
e

d
egree

of
lin

earity
in

th
e
relation

sh
ip

b
etw

een
th
e
m
o
d
eled

an
d
ex
act

S
F
S
stress,

w
h
ile

th
e

ratio
gives

in
form

ation
ab
ou
t
th
e
co
eÆ

cien
t
of

p
rop

ortion
ality.

T
ab
les

1-3
sh
ow

correlation
co
eÆ

cien
ts

(C
)
an
d
ratios

(R
)
for

selected
su
b
�
lter-scale

q
u
an
tities:

�
1
2
is
th
e
S
F
S
sh
ear

stress
in

th
e
sh
ear



ow

,
@
�
1
j =@

x
j
is
th
e
d
ivergen

ce
of

th
e

su
b
�
lter

stress
w
h
ich

ap
p
ears

in
th
e
m
om

en
tu
m

eq
u
ation

s,
an
d
�
ij @

u
i =@

x
j
is
th
e
S
F
S
stress

d
issip

ation
.
T
h
e
ratio

is
th
e
ex
act

D
N
S
rm

s
valu

e
d
iv
id
ed

b
y
th
e
m
o
d
eled

rm
s
valu

e,
an
d

sh
ou
ld

b
e
close

to
on
e.

F
or

th
e
d
issip

ation
term

,
th
e
ratio

gives
an

in
d
ication

of
th
e
m
agn

i-
tu
d
e
of
en
ergy

d
issip

ated
b
y
th
e
m
o
d
el.

R
esu

lts
are

p
resen

ted
for

th
e
follow

in
g
su
b
�
lter-scale

m
o
d
els:

S
m
agorin

sk
y
(S
),
B
ard

in
a
scale-sim

ilarity
(B
),
m
o
d
i�
ed

C
lark

(M
C
),
4th

-ord
er

se-
ries

ex
p
an
sion

u
sin

g
(13)

(T
4),

m
o
d
i�
ed

4th
-ord

er
series

ex
p
an
sion

u
sin

g
(14)

(M
T
4),

an
d

m
o
d
i�
ed

6th
-ord

er
series

ex
p
an
sion

u
sin

g
(14)

(M
T
6).

T
h
e
m
o
d
els

are
given

in
th
e
A
p
-

p
en
d
ix
.
L
E
S
to

D
N
S
grid

ratios
of

G
R
=
2;4;8

are
con

sid
ered

,
w
h
ere

�
L
E
S
=
G
R
�
D
N
S
.

In
each

case
th
e
�
lter-grid

ratio
is
F
G
R
=
�
=�

L
E
S
=
2.

T
h
e
correlation

s
for

th
e
B
ard

in
a
scale-sim

ilarity
m
o
d
el
are

q
u
ite

h
igh

;
h
ow

ever,
th
e
ratios
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4:

A
m
p
litu

d
e
of

�
G
M

2
(G

au
ssian

�
lter)

an
d
ex
act

�
.
S
olid

lin
e:

ex
act;

d
otted

lin
e:

2n
d
-ord

er
m
o
d
el;

d
ash

ed
lin

e:
4th

-ord
er

m
o
d
el;

d
ash

-d
otted

lin
e:

6th
-ord

er
m
o
d
el.

are
n
ot

very
go
o
d
,
in
d
icatin

g
th
at

th
e
m
o
d
el
d
o
es

n
ot

cap
tu
re

en
ergy

d
issip

ation
correctly,

as
n
oted

p
rev

iou
sly.

T
h
e
S
m
agorin

sk
y
m
o
d
el
d
o
es

n
ot

p
erform

w
ell

at
all;

h
ow

ever,
th
e
ratio

for
th
e
d
issip

ation
is
b
etter

th
an

th
at

for
th
e
B
ard

in
a
m
o
d
el
for

G
R
=
4;8.

T
h
e
M
T
4
m
o
d
el

con
tain

s
th
e
scale-sim

ilarity
term

s
of
th
e
B
ard

in
a
m
o
d
el,

w
h
ile

m
o
d
el
T
4
d
o
es

n
ot.

It
seem

s
th
at

th
e
in
clu

sion
of

th
ese

term
s
sign

i�
can

tly
im

p
roves

th
e
correlation

co
eÆ

cien
ts;

h
ow

ever,
th
e
im

p
rovem

en
t
in

th
e
ratios

is
m
ore

ev
id
en
t
on
ly

in
th
e
6th

-ord
er

rep
resen

tation
,
M
T
6.

(T
h
is
is
also

seen
in

th
e
sin

gle
m
o
d
e
tests

d
on
e
in

th
e
p
rev

iou
s
section

:
M
o
d
el
1
p
erform

s
b
etter

th
an

M
o
d
el
2,

w
h
ich

h
as

th
e
B
ard

in
a
m
o
d
el
form

,
in

am
p
litu

d
e
com

p
arison

s.)
T
h
e

m
o
d
i�
ed

C
lark

m
o
d
el,

d
erived

from
th
e
T
4
m
o
d
el,

p
erform

s
com

p
arab

ly
to

th
e
oth

er
series

ex
p
an
sion

m
o
d
els,

often
w
ith

sligh
tly

h
igh

er
correlation

s
b
u
t
p
o
orer

ratios.

T
h
e
correlation

s
are

h
igh

est
for

th
e
M
T
6
m
o
d
el,

th
e
6th

-ord
er

ex
p
ression

for
th
e
series

ex
p
an
sion

m
o
d
el,

w
ith

valu
es

over
0:99

for
G
R
=
2.

R
atios

as
go
o
d
as

1:0062
are

ob
tain

ed
for

th
e
S
F
S
d
issip

ation
m
o
d
eled

w
ith

M
T
6
sh
ow

in
g
th
at

th
e
d
issip

ation
is
cap

tu
red

to
w
ith

in
1%

of
th
e
ex
act

valu
e.

T
h
e
correlation

d
ecreases

w
h
en

th
e
L
E
S
grid

b
ecom

es
coarser,

i.e.,
as

G
R

in
creases

an
d
th
e
resolved

scale
w
aven

u
m
b
er

cu
to�

b
ecom

es
sm

aller;
it

is
h
ard

er
to

rep
resen

t
th
e
h
igh

er
w
aven

u
m
b
ers

w
ith

a
sm

aller
ran

ge
of

resolved
scales.

T
h
is

is
an

im
p
ortan

t
lim

itation
,
b
ecau

se
w
e
w
ou
ld

like
to

ap
p
ly

L
E
S
to

large
d
om

ain
s
an
d
R
ey
n
old

s
n
u
m
b
ers

for
w
h
ich

th
e
L
E
S
to

D
N
S
grid

ratio
is
n
ecessarily

h
igh

.
H
ow

ever,
even

at
G
R
=
8,

th
e
M
T
6
m
o
d
el
cap

tu
res

m
ost

of
th
e
S
F
S
stress,

an
d
h
as

a
correlation

of
0:9422,

sign
i�
can

tly
h
igh

er
th
an

th
e
oth

er
m
o
d
els.

T
h
ou
gh

th
e
d
iscretization

error
of
th
e
n
u
m
erical

sch
em

e
u
sed

in
m
an
y
actu

al
L
E
S
is
larger

th
an

6th
ord

er,
it
m
ay

h
elp

to
u
se

a
m
ore

accu
rate

S
F
S
m
o
d
el

su
ch

as
M
T
6.

S
im

ilar
resu

lts
to

th
ose

in
tab

les
1-3

are
ob
tain

ed
w
h
en

a
top

h
at

�
lter

is
u
sed

,
th
ou
gh

th
e
n
u
m
b
ers

are
n
ot

q
u
ite

as
go
o
d
overall.

T
h
e
resu

lts
from

th
is
a
p
rio

ri
an
aly

sis
com

p
are

very
favorab

ly
w
ith

a
p
rio

ri
tests

p
er-

form
ed

b
y
oth

ers
for

th
eir

m
o
d
els,

e.g.,
D
om

arad
zk
i
an
d
S
aik

i
[11],

S
tolz

an
d
A
d
am

s
[24],

an
d
S
alvetti

et
a
l.
[25].

F
or

a
com

p
ressib

le
ram

p


ow

(w
ith

G
R
=

2
an
d
F
G
R
=

2),
S
tolz

an
d
A
d
am

s
[24]

ob
tain

ed
correlation

s
of
ap
p
rox

im
ately

0.99
(as

w
e
d
o)

for
th
eir

ap
p
rox

im
ate

d
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�12
@�1j
@xj

�ij
@ui
@xj

S C 0:1610 0:4746 0:6962

R 3:5042 2:8092 1:4780

B C 0:9525 0:9194 0:9665

R 1:3367 1:9179 1:3666

MC C 0:9602 0:7981 0:9700

R 1:2927 1:9024 1:3158

T4 C 0:9239 0:9135 0:9430

R 1:0352 1:1037 1:0790

MT4 C 0:9875 0:9763 0:9917

R 1:0702 1:2636 1:0724

MT6 C 0:9969 0:9937 0:9972

R 1:0097 1:0611 1:0062

Table 1: Gaussian Filter: Correlations, GR = 2, FGR = 2.

Appendix

The forms of the models considered in the a priori tests are given below:

S: Smagorinsky

�ij = �2(CS�)
2(SijSij)

1=2Sij

B: Bardina scale-similarity

�ij = uiuj � uiuj

MC: Modi�ed Clark

�ij =
�2

12

@ui
@xm

@uj
@xm

T4: Series expansion, 4th order

�ij = uiuj � uiuj �
�2

24

�
uir2uj + ujr2ui

�
MT4: Modi�ed series expansion, 4th order

�ij = uiuj � uiuj �
�2

24

�
uir2uj + ujr2ui

�
+ �2

24
(uir

2uj + ujr
2ui)

MT6: Modi�ed series expansion, 6th order

�ij = uiuj � uiuj �
�2

24

�
uir2uj + ujr2ui

�
+ �2

24
(uir

2uj + ujr
2ui)

+ �4

1152

�
ui

@4uj
@x4

+ ui
@4uj
@y4

+ ui
@4uj
@z4

+ uj
@4ui
@x4

+ uj
@4ui
@y4

+ uj
@4ui
@z4

�

� �4

1152

�
ui

@4uj
@x4

+ ui
@4uj
@y4

+ ui
@4uj
@z4

+ uj
@4ui
@x4

+ uj
@4ui
@y4

+ uj
@4ui
@z4

�

+ 5�4

1728

�
ui

@4uj
@x2@y2

+ ui
@4uj
@y2@z2

+ ui
@4uj
@x2@z2

+ uj
@4ui
@x2@y2

+ uj
@4ui
@y2@z2

+ uj
@4ui
@x2@z2

�

� 5�4

1728

�
ui

@4uj
@x2@y2

+ ui
@4uj
@y2@z2

+ ui
@4uj
@x2@z2

+ uj
@4ui
@x2@y2

+ uj
@4ui
@y2@z2

+ uj
@4ui
@x2@z2

�

+�4

576

�
r2uir2uj �r2uir

2uj
�

(30)
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�12
@�1j
@xj

�ij
@ui
@xj

S C 0:1557 0:4169 0:6029

R 3:8231 2:9590 1:5601

B C 0:8881 0:8748 0:9048

R 1:6934 2:6138 1:8056

MC C 0:9082 0:7750 0:9151

R 1:5108 2:4327 1:6210

T4 C 0:8282 0:8013 0:8599

R 1:1623 1:2721 1:2548

MT4 C 0:9544 0:9440 0:9591

R 1:1800 1:5072 1:2307

MT6 C 0:9831 0:9764 0:9831

R 1:0411 1:1662 1:0663

Table 2: Gaussian Filter: Correlations, GR = 4, FGR = 2.

where Sij is the �ltered velocity strain tensor, and CS is the Smagorinsky constant, here
taken to be 0:09 [1] (which does not a�ect correlation values, but does a�ect ratios). The
modi�ed Clark model can be obtained from a rearrangement of the 4th-order series expansion
model, as derived below, and is a variation of the model considered by Clark et al. [22]. Here
�ltering is applied to the product of the two derivatives, whereas in the original, each term
is separately �ltered.

The modi�ed Clark model is derived by \unbarring" terms in the �ik expansion, i.e. re-
moving one level of �ltering. This is done by using (10); anywhere terms of the form

ui�
�2

24
r2ui appear, they can be replaced with 2nd-order accuracy by the un�ltered variable

ui. This idea was used to simplify terms in the derivation of the evolution equation (12) for
the modeled SFS stress. We now apply \unbarring" to the SFS stress model given in (13).
First rewriting the second-derivative terms using the product rule, we have

�ik = uiuk � uiuk �
�2

24
uir2uk �

�2

24
ukr2ui +O(�4)

�ik = uiuk � uiuk �
�2

24
r2uiuk +

�2

12

@uk
@xj

@ui
@xj

+O(�4) :

Now \unbarring", the �rst and third terms on the right-hand side become uiuj, which cancels
the second term. We then have

�ik =
�2

12

@uk
@xj

@ui
@xj

+O(�4) ; (31)

which shows that the SFS stress is 2nd-order accurate in the �lter width. It can be shown
that this form also satis�es the evolution equation for �ik to fourth order.
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�12
@�1j
@xj

�ij
@ui
@xj

S C 0:0925 0:3041 0:3920

R 4:9880 3:1754 2:0092

B C 0:7759 0:7852 0:8181

R 2:8324 4:1177 3:1285

MC C 0:7960 0:7104 0:8263

R 2:1099 3:3449 2:4171

T4 C 0:6691 0:6032 0:7470

R 1:6837 1:7023 1:8542

MT4 C 0:8769 0:8729 0:8939

R 1:5989 2:0326 1:7325

MT6 C 0:9407 0:9326 0:9422

R 1:2301 1:4111 1:3038

Table 3: Gaussian Filter: Correlations, GR = 8, FGR = 2.

References

[1] J. Bardina, J.H. Ferziger, and W.C. Reynolds. Improved turbulence models based
on large eddy simulation of homogeneous, incompressible, turbulent 
ows. Technical
Report TF-19, Department of Mechanical Engineering, Stanford University, Stanford,
California, 1983.

[2] S. Ghosal. An analysis of numerical errors in large-eddy simulations of turbulence.
Journal of Computational Physics, 125:187{206, 1996.

[3] A. Leonard. Energy cascade in large eddy simulations of turbulent 
uid 
ows. Advances
in Geophysics, 18A:237{248, 1974.

[4] J. Smagorinsky. General circulation experiments with the primitive equations. Monthly
Weather Review, 93:99, 1963.

[5] Y. Zang, R. L. Street, and J. R. Kose�. A dynamic mixed subgrid-scale model and its
application to turbulent recirculating 
ows. Physics of Fluids, 5(12):3186{3196, 1993.

[6] M. Germano, Piomelli U., Moin P., and Cabot W.H. A dynamic subgrid-scale eddy
viscosity model. Physics of Fluids, 3(7):1760{1765, 1991.

[7] U. Piomelli. Large-eddy simulation: achievements and challenges. Progress in Aerospace
Science, 35(4):335{362, 1999.

[8] F. Sarghini, U. Piomelli, and E. Balaras. Scale-similar models for large-eddy simulations.
Physics of Fluids, 11(6):1596{1607, 1999.

[9] M. Lesieur and O. M�etais. New trends in large-eddy simulations of turbulence. Annual
Review of Fluid Mechanics, 28:45{82, 1996.

[10] K.B. Shah and J.H. Ferziger. A new non-eddy viscosity subgrid-scale model and its
application to channel 
ow. Annual research briefs, Center for Turbulence Research,
NASA Ames-Stanford University, 1995.

17



5 10 15

2

4

6

8

10

12

14

16
(a)

x

z

5 10 15

2

4

6

8

10

12

14

16
(b)

x

z

5 10 15

2

4

6

8

10

12

14

16
(c)

x

z

5 10 15

2

4

6

8

10

12

14

16
(d)

x

z

Figure 8: Contour plots of LES velocity estimates for u1 on an x1; x3-plane, GR = 8. (a)

Sampled DNS �eld; (b) 2nd-order estimate; (c) 4th-order estimate; (d) 6th-order estimate.

[11] J.A. Domaradzki and E.M. Saiki. A subgrid-scale model based on the estimation of
unresolved scales of turbulence. Physics of Fluids, 9(7):2148{2164, 1997.

[12] J.A. Domaradzki and K.-C. Loh. The subgrid-scale estimation model in the physical
space representation. Physics of Fluids, 11(8):2330{2342, 1999.

[13] B.J. Geurts. Inverse modeling for large-eddy simulation. Physics of Fluids, 9(12):3585{
3587, 1997.

[14] S. Stolz and N.A. Adams. An approximate deconvolution procedure for large-eddy
simulation. Physics of Fluids, 11(7):1699{1701, 1999.

[15] S. Liu, C. Meneveau, and J. Katz. On the properties of similarity subgrid-scale models as
deduced from measurements in a turbulent jet. Journal of Fluid Mechanics, 275:83{119,
1994.

[16] F.V. Katopodes, R.L. Street, and J.H. Ferziger. Sub�lter-scale scalar transport for large-
eddy simulation. In 14th Symposium on Boundary Layer Turbulence, pages 472{475,
2000.

18



[17] C.G. Speziale. Galilean invariance of subgrid-scale stress models in the large-eddy
simulation of turbulence. Journal of Fluid Mechanics, 156:55{62, 1985.

[18] K. B. Shah. Large eddy simulations of 
ow past a cubic obstacle. PhD thesis, Stanford
University, 1998.

[19] L. Ding. Personal communication, 2000.

[20] S. Ghosal and P. Moin. The basic equations for the large eddy simulation of turbulent

ows in complex geometry. Journal of Computational Physics, 118:24{37, 1995.

[21] R.A. Clark, J.H. Ferziger, and W.C. Reynolds. Evaluation of subgrid-scale turbulence
models using a fully simulated turbulent 
ow. Technical Report TF-9, Department of
Mechanical Engineering, Stanford University, Stanford, California, 1977.

[22] R.A. Clark, J.H. Ferziger, and W.C. Reynolds. Evaluation of sub-grid-scale models using
an accurately simulated turbulent-
ow. Journal of Fluid Mechanics, 91:1{16, 1979.

[23] L.H. Shih, J.R. Kose�, J.H. Ferziger, and C.R. Rehmann. Scaling and parameterization
of strati�ed homogeneous turbulent shear 
ow. Journal of Fluid Mechanics, 412:1{20,
2000.

[24] S. Stolz, N.A. Adams, and L. Kleiser. Analysis of subgrid scales and subgrid scale mod-
eling for shock-boundary-layer interaction. In First International Symposium on Tur-
bulence and Shear Flow Phenomena, pages 881{886, Santa Barbara, California, 1999.

[25] M.V. Salvetti and S. Banerjee. A priori tests of a new dynamic subgrid-scale model for
�nite-di�erence large-eddy simulations. Physics of Fluids, 7(11):2831{2847, 1995.

[26] Y. Zang, R. L. Street, and J. R. Kose�. A non-staggered grid, fractional step method
for time dependent incompressible Navier-Stokes equations in curvilinear coordinates.
Journal of Computational Physics, 114(1):18{33, 1994.

[27] M.V. Salvetti, Y. Zang, R.L. Street, and S. Banerjee. Large-eddy simulation of free-
surface decaying turbulence with dynamic subgrid-scale models. Physics of Fluids,
9(8):2405{2419, 1997.

19


