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We let Y;J be the random route flows derived from the X;J flows through

the following mechanism:
1) Obtain the measured route travel times, TiJ(X), associated with the

route flow pattern X; (T(X) if we use vector notation).
1]
k

individuals going from i to j and allocate the resulting flows to the

2) Sample a set of perceived route travel times t for each of the qij
corresponding routes. Doing this for all 0-D pairs yields a new or
"posterior" flow pattern, Y, which is also random.

At equilibrium the probability distribution functions of X and Y should be the

same.

One can visualize the ongoing equilibration process as a Markov chain in
which one starts with an initial flow pattern Xo and at each step one moves to

the corresponding "posterior"

flow pattern, Y, which becomes the new state of
the system.
Letting py(.) be the probability mass function of Y and pX(.) the probability

mass function of X one can write for the one step transitions:

py(y) = ) Py (%) Pr{Y=y | X=x} @D)
x€eF

where F is the set of all feasible flow patterns.
If there is a steady state, however, pY(.) = pX(.) = p(.) and Eq. (1)

becomes,

p(y) = ) p(x) P(y | %) : (2)

x€eF

where we have written P(y | x) instead of Pr{Y=y|X=x}.
We now show that the one-step-transition-probability matrix P(y|x) has no

zero entries:



Let pij(T(x)) denote the probability that a user going from i to j selects
route k when the "prior" flow pattern X equals x. Clearly pij(T(x)) can be
calculated for any x (see Egs. (7), (8) and (9) in Ref. [1]), and thus one can
at least conceptually, write the joint probability mass function for Yij=
(Yij, Yéj, en 63

v s mul tinomially distributed, i.e.:
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where r is the number of routes from i to j. Since the "posterior" flows on
routes joining different 0-D pairs are independent, Eq. (3) completely character-

izes the conditional probability mass function of the posterior flow pattern:

Piy|lx) = 1 Pr{Yij=yij|X?x} s v=(..., yij, KN, (4)
V(ij)
Since P(ylx) > 0 if all pij(T(x)) are positive (see Eqs. (3) and (4)) it

suffices to prove that p;J(T(x)) > 0 for all values of i, j, k and T. But,

pij (T(x)) = Pr{tij < t;j i Vh#k |T(x)}

;Pr{(tij<A) f\ (t

% ij NS for any A > 0 (5)
h#k

h

and if one now divides the links of the network into two classes (K if the link
belongs to route k and E-otherwise) and we let Qk be the number of links in

route k we have:

{t;tij <A} D {t:ti % %— s Veek}
k



and

{t:t}ilj > A} D{t:ti > A 3 Veek} ; Yh#k

where a prime denotes a link travel time and % is an arbitrary link. The second
expression is true (if we exclude routes with cycles from our set of routes)
because any route, h, must at least have one link in K.

Consequently the RHS of Eq. (A5) is no smaller than

] é___ 1]
Pr{‘QK(tngk) Q_I_(_ (tl > A)}

1
!

g S (see postulate B in Ref. [1])

which because of the independence of the t
reduces to:

A
' TN

Lek k 2eK

5'L>A}.

This expression is greater than zero if 6 (the varianceper unit length of
tij——see Ref. [l]—)ﬂsgreater than zero.

Thus we have just shown that if © > 0 all the entries of the one-step-
transition-probability matrix, P(y|x) are strictly positive.

Obviously then the chain is irreducible (all the states intercommunicate)
and aperiodic (the diagonal elements are different than zero) and consequently
there is a unique steady state probability vector, p(.). In other words,

Eq. (2) has a unique solution which gives the probability mass function of
the S-U-E flow patterns (whenever 6 > 0).

Equation (2) although conceptually appealing is very difficult to apply

except in two cases that yield the expected S-U-E flow pattern readily:

a) If one has fixed link travel times (the S-N-L problem)

In this case T(x)=T and P(y|x)=P(y). Therefore Eq. (2) reduces to:

p(y) =) p(xX)P(y) = P(y)
xeF



Taking expectations one has

E(Y) = ) yP(y)
yeF

and substituting into Eq. (3):

ij

ijy _ 1]
E(Xk ) =gq Py

which coincides with Eq. (1) in Ref. [1].

b) For high 0-D flow levels.
If the O0-D flows are so high that for given probabilities of route choice
one can neglect the fluctuations of the "posterior'" flows, Yij, around

the mean one can assume that:
Pr{Yije(z, z+dz) |X=x} = 6(q13p;J(T(x))—Z)dZ (6)

where §(.) is Dirac's delta function and we have used a continuous
approximation for 4]
pp Yk. .
Furthermore, in the Markov chain terminology, the equilibrium flow
pattern is an absorbing state (since in this case once we enter it there
will be no stochastic fluctuations that will force us to leave it) and

consequently:
% 1] - wedj
p(x.") = 8(x, X (7

where iij is the mean flow pattern (ince in Ref. [1] we assumed we had a

significant number of users making the same decisions we omitted the

bar over the x.J

X when talking about the mean flow pattern.)

Entering with Eqs. (6) and (7) into Eq. (2) and taking expectations we get:



