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Abstract—This paper deals with the finite element analysis of the monotonic behavior of reinforced
concrete (R/C) beams and beam—column subassemblages. It is assumed that the behavior of these
members can be described by a plane stress field. Concrete and reinforcing bars are represented by separate
material models which are combined together with a model of the interaction between reinforcing bar
and concrete through bond-slip to describe the behavior of the composite reinforced concrete material.
Using the rotating crack model among the smeared crack model, the structural behavior is simulated and
a relation which can consider the tension stiffening effect in finite element analysis is proposed based on
an improved cracking criterion derived from fracture mechanics principles. A new reinforcing steel model
which is embedded inside a concrete element is developed to cope with the difficulty in modeling of
complex geometry. Correlation studies between analytical and experimental results show the validity
of the proposed models and identify the significance of various effects on the local and global response

of reinforced concrete members. © 1997 Elsevier Science Ltd

INTRODUCTION

The assessment of the strength and stiffness of
existing structures and newly designed critical
structures such as offshore platforms, long-span
bridges and nuclear power plants strongly requires
the development of advanced analytical methods
capable of representing the behavior of the struc-
ture under all possible loading conditions both
monotonic and cyclic, its time-dependent behavior
and, especially, its behavior under overloading.
However enormously a need is increased, the
development of such models for reinforced and
prestressed concrete structures is complicated by
differences in short and long term behavior of the
constituent materials, concrete and reinforcing steel.
Moreover, reinforcing steel and concrete interact in a
complex way through bond-slip and aggregate
interlock.

Since the first introduction of the concept of a
“smeared” crack in the study of the axisymmetric
response of prestressed concrete reactor structures by
Rashid [1], the smeared crack approach of modeling
the cracking behavior of concrete is almost
exclusively used by investigators in the nonlinear
analysis of R/C structures because its implementation
in a finite element analysis program is more
straightforward than that of the discrete crack
model. Computer time considerations also favor
the smeared crack model in analyses which are

concerned with the global response of structures.
With the use of the smeared crack model, however,
such problems as the analytical results of the response
of reinforced concrete structures are greatly influ-
enced by the size of the finite element mesh and by
the amount of tension stiffening of concrete are also
appeared on the accuracy of numerical analyses of
R/C structures [2]. In the context of the smeared
crack model two different representations have
emerged: the fixed crack and the rotating crack
model.

Differently from the fixed crack model, the rotating
crack model proposed by Cope et al. [3] assumes that
the crack direction is not fixed but kept perpendicular
to the direction of principal tensile strain during the
subsequent load history. Several tests by Vecchio and
Collins [4] have shown that the crack orientation
changes with loading history and the response of the
specimen depends on the current rather than the
original crack direction. Even though the rotating
crack model eliminates the need for a cracked shear
modulus, a disadvantage of this approach is the
difficulty of correlating the analytical results with
experimental fracture mechanics research which is at
odds with the rotating crack concept. This model has,
nonetheless, been successfully used in analytical
studies of R/C structures whose purpose is to study
the global structural behavior [5].

While the response of lightly reinforced beams in
bending is sensitive to the effect of tension stiffening
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of concrete, the response of R/C structures in which
shear plays an important role such as over-reinforced
beams and shear walls is much more affected by the
bond-slip of reinforcing steel than the tension
stiffening of concrete. To account for the bond-slip of
reinforcing steel two different approaches, that is, the
bond-link element by Ngo and Scordelis [6] and the
bond-zone element by de Groot er al. [7] are common
in the finite element analysis of R/C structures.
However, the use of these elements in the finite
element analysis of R/C structures imposes the
restrictions such as the finite element mesh arrange-
ment along the edge of a concrete element and a
double node to represent the relative stip. In a
complex structure, particularly in three-dimensional
models, these requirements lead to a considerable
increase in the number of degrees of freedom and
have discouraged researchers from including the
bond-slip effect in many studies to date.
Recognizing that many of the previously proposed
models and methods have not been fully verified so
far, it is the intent of this paper to address some of
the model selection issues, in particular, with regard
to the effects of tension-stiffening and bond-slip. In
this paper, a new discrete, embedded steel model is
developed for more efficient modeling of complex
structures. The behavior of concrete under biaxial
loading conditions is described by a nonlinear
orthotropic model in which the axes of orthotropy
coincide with the principal strain directions (rotating
crack model). The effect of size of the finite element
mesh is discussed in connection with a new smeared
crack model and an improved criterion is derived
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from fracture mechanics considerations in order to
reduce the numerical error associated with large size
finite elements. The validity of the proposed models
is established by comparing the analytical predictions
with results from experimental and previous analyti-
cal studies.

MATERIAL MODELS
Concrete

Under combinations of biaxial loading concrete
exhibits strength and stress—strain behavior which is
different from that under uniaxial loading conditions.
Figure 1 shows the biaxial strength envelope of
concrete under proportional loading. Under a
combination of tension and compression the com-
pressive strength decreases almost linearly with
increasing principal tensile stress [8].

To simulate the stress state of concrete under
biaxial loading the orthotropic model is adopted in
this study for its simplicity and computational
efficiency. The behavior of the model depends on the
location of the present stress state in the principal
stress space. In the biaxial compression region the
model remains linear elastic for stress combinations
inside the initial yield surface. Both the initial yield
and the ultimate load surface are described by
Kupfer’s model (Fig. 1). For stress combinations
outside the initial yield surface but inside the ultimate
failure surface the behavior of concrete is described
by a nonlinear orthotropic model. This model derives
the biaxial stress—strain response from equivalent
uniaxial stress-strain relations in the axes of

o3

o)

LINEAR ELASTIC
Ve 4 //
% 0.6f,
e / g
INITIAL YIELD SURFACE ————“——
e -
V ’L\—J -/
Vd s g ’
7 ORTHOTROPIC ,@
ULTIMATE LOAD / NONLINEAR ELASTIC -~
SURFACE ~ /

Fig. 1. Strength failure

envelope of concrete.



Nonlinear FE analysis of R/C structures 3

(o)

g ip

08505,

060G ip

crushing
€
. €
€ip €iu
L] foq

Fig. 2. Stress-strain relation of concrete.

orthotropy based on the concrete stress-strain
relation proposed in this paper [9-11]. With reference
to the principal axes of orthotropy the incremental
constitutive relationship can be expressed

dG']
dO'z = 3
dz.;

E| V,/EQEZ 0 df]
Xy /EE, E» 0 “qdeay (D

0 0 (1—=v)G| (dm

where E, and E; are the secant moduli of elasticity in
the direction of the axes of orthotropy which are
oriented perpendicular and parallel to the crack
direction, v is Poisson’s ratio and (1 —v}) G=
0.25-(E\ + E> — 2v./E\E»).

In describing the uniaxial stress-strain behavior of
concrete, the model of Hognestad [10] is used after
some modifications in this paper (Fig. 2). These
modifications are introduced in order to increase the
computational efficiency of the model and in view of
the fact that the response of typical reinforced
concrete structure is much more affected by the
tensile than by the compressive behavior of concrete.
This stems from the fact that the concrete tensile
strength is generally less than 20% of the compressive
strength. In typical reinforced concrete beams and
slabs which are subjected to bending, the maximum
compressive stress at failure does not reach a small
fraction of the compressive strength at failure. The
behavior of these members is, therefore, dominated
by crack formation and propagation and the yielding

of reinforcing steel. The equivalent concrete compres-
sive strength in each axis of orthotropy o, is
determined from the biaxial failure surface of
concrete where i is equal to 1 or 2 (Fig. 1). In order
to simplify the concrete material model the
stress—strain relation in compression is assumed
piecewise linear with three branches.

When the biaxial stresses exceed Kupfer’s failure
envelope, concrete enters into the strain softening
range of behavior where an orthotropic model
describes the biaxial behavior [11]. In this region
failure occurs by crushing of concrete when the
principal compressive strain exceeds a limit value ¢,.
In defining the crushing of concrete under biaxial
compressive strains a strain failure surface in
complete analogy to Kupfer’s stress failure envelope
is used. In the biaxial compression-tension and
tension—tension region the following assumptions are
adopted in this study: (1) failure takes place by
cracking and, therefore, the tensile behavior of
concrete dominates the response; (2) the uniaxial
tensile strength of concrete is reduced to the
equivalent tensile strength f, as shown in Fig. 2 to
account for the effect of the compressive stress; in the
tension-tension region the tensile strength remains
equal to the uniaxial tensile strength; (3) the concrete
stress—strain relation in compression is the same as
under uniaxial loading and does not change with
increasing principal tensile stress. The last assump-
tion holds true in the compressive stress range which
is of practical interest in typical reinforced frame
structures.

The use of the orthotropic constitutive relation in
eqn (1) to represent cracked concrete may not be
totally realistic. In the case of a real crack the crack
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surface is rough and any sliding parallel to the crack
will generate some local stresses or movement normal
to the crack. To properly represent this type of
behavior the off-diagonal terms of the material
matrix which relate shear strain with normal stress
should not be zero. The relative magnitude of these
off-diagonal terms decreases as the crack widens.
However, this effect may not be significant in a study
which focuses attention on overall member behavior
and most researchers have neglected it [12].

The proposed concrete model accounts for
progressive cracking and changes in the crack
direction by assuming that the crack is always normal
to the principal strain direction (the rotating crack
model). In contrast to the model used by Hand
et al.[13] and Lin and Scordelis [12], the material
axes are not fixed after formation of the initial crack,
but their orientation is determined from the direction
of principal strains at the beginning of each iteration.

In developing a numerical algorithm for the
rotating crack concept, Gupta and Akbar[14]
obtained the rotating crack material matrix as the
sum of the conventional fixed crack material matrix
in eqn (1) and a contribution which reflects the
change in crack direction. This is expressed by the
following eqn (2).

[Dwol¥ = [Diole + [G] ]

where [Dio]. is given by eqn (1) and [G] reflects the
change in crack direction and is given by

6] = ——2——
2./6c— €+ 7
sin?26 —sin?26 — sin 26 cos 26
X . sin® 26 sin28 cos 26 | (3)
sym . cos’ 20

where 6 is the angle between the direction normal to
the crack and the global x-axis. While eqn (3) is
theoretically correct within the assumptions of the
rotating crack model, any suitable incremental
material stiffness matrix can be used in the context of
an iterative nonlinear solution algorithm. It is,
therefore, possible to neglect the rotating crack
contribution [G] provided that the change in crack
direction is accounted for in the orientation of the
material axes and in the transformation from
material to element coordinate axes. Milford and
Schnobrich [15] found that neglecting the rotating
crack contribution [G] in eqn (3) only rarely increased
the number of iterations and did not introduce any
numerical instabilities.

The proposed model assumes that concrete is linear
elastic in the compression~tension and the biaxial
tension region for tensile stress smaller than f,.
Beyond the equivalent tensile strength the tensile
stress decreases linearly with increasing principal

tensile strain. Ultimate failure in the compression-
tension and the tension-tension region takes place by
cracking when the principal tensile strain exceeds the
value ¢,. When the principal tensile strain exceeds ¢,
the material only loses its tensile strength normal to
the crack while it is assumed to retain its strength
parallel to the crack direction.

Tension stiffening model

The smeared crack model first used by Rashid [1]
represents cracked concrete as an elastic orthotropic
material with reduced elastic modulus in the direction
normal to the crack plane. In contrast to the discrete
crack concept, the smeared crack concept fits the
nature of the finite element displacement method
since the continuity of the displacement field remains
intact. Although this approach is simple to implement
and is, therefore, widely used, it has nevertheless a
major drawback which is the dependency of the
results on the size of the finite element mesh used in
the analysis {2]. When large finite elements are used,
each element has a large effect on the structural
stiffness. When a single element cracks, the stiffness
of the entire structure is greatly reduced. Higher-
order elements in which the material behavior is
established at a number of integration points do not
markedly change this situation because, in most
cases, when a crack takes place at one integration
point, the element stiffness is reduced enough so that
a crack will occur at all other integration points of the
element in the next iteration. Thus, a crack at an
integration point does not relieve the rest of the
material in the element since the imposed strain
continuity increases the strains at all other integration
points. The overall effect is that the difficulty stems
from the fact that a crack represents a strain
discontinuity which cannot be modeled correctly
within a single finite element in which the strain varies
continuously. Many research efforts have been
devoted to the solution of this problem based, in
particular, on fracture mechanics concepts [16, 17].
Two widely used models of the strain softening
behavior of concrete in tension are those of Bazant
and Oh [16] and Hillerborg er al.[17]. Both models
have been extensively used in the analysis of RC
members and yield very satisfactory results when the
size of the finite element mesh is relatively small. The
analytical results, however, differ significantly from
the experimental data when the finite element mesh
size becomes very large. This happens because both
models assume a uniform distribution of microcracks
over a significant portion of a relatively- large finite
element while the actual microcracks are concen-
trated in a4 much smaller cracked region of the
element.

In order to account for the fact that microcracks
are concentrated in a fracture process zone which
may be small compared to the size of the finite
element mesh a distribution function for the
microcracks across the element width is introduced in
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this study [9]. The distribution function is exponential
so that it can represent the concentration of
microcracks near the crack tip when the finite element
mesh size becomes fairly large (Fig. 3).
Sx) = ae @

in which o and § are constants to be determined.
Using the boundary conditions that f(0) = 1.0 and
f(b/2) = 3/b into eqn (4) yields the following equation

for the distribution function

flx) = e~ ¥binms )
where b is the element width. The condition that

f(b/2) = 3/b ensures that, when the finite element
mesh size is equal to 3in, ie. three times the

maximum aggregate size [16], the proposed distri-
bution function reduces to Bazant’s model of the
crack band theory.

The fracture energy G is defined as the product of
the area under the equivalent uniaxial stress—strain
curve gr and the fracture zone. It can, therefore, be
expressed as:

Gi=bg= %eg-ﬁ-Z‘qu(x)dx ©6)

where f; is the tensile strength of concrete, ¢, is the
fracture tensile strain which characterizes the end of
the strain softening process when the microcracks
coalesce into a continuous crack and G is the fracture
energy which is dissipated in the formation of a crack

Lo

Fig. 4. Stress—strain relation of steel.
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Fig. 5. Steel element embedded in concrete element.

of unit length per unit thickness and is considered a
material property. The experimental study by Welch
and Haismen [18] indicates that for normal strength
concrete the value of Gi/fi is in the range of
0.0050.01 mm. If G; and f are known from
measurements, € can be determined after substituting
the function f{x) from eqn (5) into eqn (6).

2-GrIn(3/b)
“©="73_b) (M
which clearly shows that ¢ depends on the finite
element mesh size. This approach of defining ¢
renders the analytical solution insensitive to the mesh
size and guarantees the objectivity of the results. At
the same time this approach allows for the realistic
representation of the microcrack concentration near
the tip of the crack in the case of large finite elements.
With this approach large finite elements can be used
in the modeling of R/C structures without loss of
accuracy.

steel

nodes

(@)

Fig. 6. Shape function of isoparametric concrete and embedded steel element.

Reinforcing steel

The reinforcing steel is modeled as a linear elastic,
linear strain hardening material with yield stress o, as
shown in Fig. 4. The reasons for this approximation
are: (1) the computational convenience of the model;
(2) the behavior of R/C member is greatly affected by
the yielding of reinforcing steel when the structure is
subjected to monotonic bending moments [9].

A new discrete reinforcing steel model is used in the
analysis of plane stress problems in the modeling of
reinforcing steel. In the proposed discrete model the
reinforcing steel is represented by a one-dimensional
truss element which is embedded in the concrete
element as shown in Fig. 5. The nodes of the steel
element do not need to coincide with the nodes of the
concrete element. In this study the end displacements
of the steel element are assumed to be compatible
with the boundary displacements of the concrete
element so that perfect bond is implied.

Even though the end displacements of the steel
element are compatible with the concrete displace-
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(b)



Nonlinear FE analysis of R/C structures 7

T
T, :
]
Ea !
T+ 1 i
1
i
Emn '
]
1 1
-de o 1 1 : d
T H
} dsl dsZ dS“
|
]
]
|
1
|
| 1%
)
]
. ' 1-%a2

Fig. 7. Bond-slip relation for plane stress problems.

ments, displacement compatibility within the con-
crete element is, generally, not satisfied when the two
node steel element is embedded in the eight-node
serendipity concrete element. This fact, however, does
not seem to affect the accuracy of results of the global
behavior of R/C structures.

Since the end points of the reinforcing bar
element do not generally coincide with the nodes of
the concrete element in Fig. 5, the one-dimensional
truss element with constant strain has to undergo
transformation before it can be assembled
together with the concrete element stiffness matrix.
This can be formally expressed by the following
relation:

(KoLl =[]V [T [Kio) [T ][ T7) @)
where
cosf sin@ 0 0
[Tl =[ 0 0 cosf sin 9] ®

Transformation matrix [73] can be derived with the
procedure used to establish the consistent nodal
forces of the finite element method. When the
eight-node isoparametric element is used in the
two-dimensional mesh representation of the member,
the shape functions for nodes /, j and & in Fig. 6 are
Ni=1/28-( = 1), Nj=(1-¢8)(1+¢) and Ny =
1/2&-(&€ + 1), respectively.

If a concentrated load acts at a point ¢ = J;, the
consistent nodal forces can be expressed as eqns (10)
and (11). To obtain the shape function N:(d;) in
eqns (10) and (11), the relationship of §; = 2¢;/l; — 1)
is substituted for ¢ in the shape functions N;, N; and
N where ¢, characterizes the position of the steel node

relative to the concrete element boundary as shown
in Figs 5 and 6. By setting ¢/}, =r;, the shape
functions can be simplified to the following relations
of N=(r—-1)Q2r—-1), N=4r-(1-r) and
Ni=ri-(2r; — 1), respectively, which are used to
construct the transformation matrix [73].

P;= Ni(éi)'P\ (10)

P = Ni(d)) P,. (1

If the reinforcing bar element crosses the concrete
element boundary on sides 2 and 4 in Fig. S,
nodes i, j and k correspond to node numbers 1, §
and 7 on side 4 and node numbers 3, 4 and S on
side 2, respectively. With the notation of Fig. 5
the transformation matrix [7,] has the following
form:

fA 0 0 0 0 0 A A,
[TZ]_[O 0 B B. B, 0 0 0] t12)
where

A_'2p2—3p+1 0

Tl 0 2p° —3p+1

A= —4p2 +4p 0

N —4p* +4p

A= 0 p] (13)
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0 p=all, g=cfl, and O is the 2x2 null
24— 3g + l] matrix.

In eqn (12) the position of submatrices A and

0 B within the transformation matrix [T.] is related

_4q2+4q] to the side of the concrete element which the

reinforcing bar element crosses. If the reinforcing bar

element crosses the concrete element boundary on

(14)  §ides 1 and 2 in Fig. S, the transformation matrix [7>
g
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Fig. 8. Outline of solution algorithm,






