SYSTEM IDENTIFICATION AND ITS APPLICATION TO ESTIMATING
SOIL PROPERTIES

By Steven Glaser,! Associate Member, ASCE

ABsTRACT: This paper examines the meaning of principal methods of system identification (SI). System
identification is seen as a unique procedure to estimate in situ soil properties, especially soil subject to large
strain. When applicable, parametric modeling of system processes is found to be superior to traditional Fourier
methods. Several different methods have been presented to directly assess nonstationary data. These methods
cover a wide range, from transforming the data into a stationary signal to full-fledged nonlinear, nonstationary
analysis. The method used will depend on the nature of the data available and the nature of the requisite
information. Segmentation of the data into stationary pieces gives sound results and is widely used. However,
if the process of interest has time-varying parameters, a recursive technique should be used.

INTRODUCTION

Over the years there have been many advances in labo-
ratory measurements of dynamic properties of soil. However
accurate and repeatable these laboratory tests may be, they
can only test a soil that has been disturbed by sampling,
transport, and specimen preparation. A solution to the dis-
turbance problem is in situ testing, which can require a sizable
excitation source for greater than small-strain displacements.
The archetypal large-displacement field excitation is earth-
quake strong motion. Ideally, what is recorded is soil motion
into the soil layer of interest and the soil motions on the
surface above the layer. Given this known input and output,
and a suitable model to represent the system of interest, the
model parameters derived will correspond to important me-
chanical parameters of the system, such as damping, natural
frequency, and stiffness. This estimation of useful parameters
is commonly known as system identification (SI).

This paper will examine the application of SI to primarily
sandy sites, because they are the most prone to liquefaction
during earthquake excitation. To understand where SI might
be of benefit, the following discussion of the assumptions and
limitations of Fourier-based analysis is necessary to show why
there is a need to reach beyond the traditional methods used
by the geotechnical engineer to analyze dynamic behavior.
SI techniques have evolved from electrical and mechanical
engineering, and specifically handle aspects of dynamic be-
havior troublesome to other techniques. It is hoped this dis-
cusston will further the application of all methods, simple as
well as complex. The results of the more complicated models
should be compared to those of simpler, more intuitive cal-
culations that allow the engineer to maintain a “‘feel” for the
validity of the results throughout the evaluation process. Each
method has limitations; in the words of G.E.P. Box, “All
models are incorrect, but some are more useful than others.™

SYSTEM IDENTIFICATION
Modeling System

In the time domain, the filtering process of a signal passing
through a soil layer is represented as a convolution. The pro-
cess of inversion, or deconvolution, allows the estimation of
the system response function if the input and output signals
are known. The usual method of time-domain deconvolution
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is the least-squares approach (Silvia and Robinson 1979). Al-
though the deconvolution process is nonunique, the least-
squares method yields a system filter that is unique in a math-
ematical (least-squared error) and physical (minimum phase)
sense. The time-domain schemes are very computation in-
tensive, so the common solution is to deconvolve in the fre-
quency domain.

Fourier-Based Methods of Estimating Transfer
Function

In the frequency domain, deconvolution becomes a simple
division (Bracewell 1978), and the filter is represented by its
transfer function—most generally the ratio of output ampli-
tude spectrum to input amplitude spectrum (the spectral ratio).
The spectral ratio is also used to define site specific ‘*ampli-
fication” of ground motion (Murphy et al. 1971). The trans-
formation into the frequency domain speeds computation but
does not yield additional information than is present in the
time-domain representation.

Spectral estimates are based on the well-known integral
Fourier transform. This estimate is nonparametric because
no particular model of the process is assumed in the formu-
lation of the estimate. In practice, the data are available for
a finite time period, and are in discrete form for manipulation
by a digital computer. This necessitates the use of the discrete
Fourier transform (DFT), calculated using the fast Fourier
transform (FFT) algorithm (Brigham 1974). The values for
the discrete case, taken at the preassigned regular Fourier
frequencies, do not necessarily match those for the analog
functions: ““Thus the discrete spectrum based on a finite data
set is a distorted version of the continuous spectrum based
on an infinite data set”” (Kay and Marple 1981). The power
spectral density, defined as the square of the DFT amplitude
spectrum, gives the distribution of energy as a function of
these harmonic sinusoids, and is commonly called the per-
iodogram or power spectrum (Robinson 1982).

The unavoidable time-limiting (windowing) of the data in
the time domain, and multiplication of the spectrum with the
transform of this window, leads to a smearing of the data
referred to as leakage. The various windows used have the
unwanted effect of biasing the data towards the time asso-
ciated with the peak of the window (Geckinli and Yavuz
1978).

The DFT model of the spectrum does not expressly take
the presence of noise into account, and the noise must be
modeled by the same harmonic sinusoids as the signal of
interest. Because real field data are to be used. noise will
always be present from the environment. In addition, digi-
tized data will always have “‘noise” due to quantization error.
Given reasonable approximations (Bloomfield 1976). the
spectral density follows the chi-square distribution with two
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degrees of freedom (DOF). In this case there is little confi-
dence that the sample Fourier spectrum is close to the “‘true”
spectrum, because the standard deviation of the estimate is
now equal to the estimate itself. There is little certainty whether
an outlier is, for example, a peak value of site amplification
or a random error.

The spectral ratio is a ratio of two chi-square variables with
a common mean (from a common source) and described by
the Fisher F distribution with 2 X 2 DOF (Aki and Richards
1980). There is little statistical certainty with so few DOF.
For this estimate there is a 90% probability that the spectral
ratio will lie between 0.053 and 19!

The only way to reduce the uncertainty of the estimate of
the spectrum is to average adjacent values, so that the variable
now has four DOF. If the digitization frequency is very fine,
many values can be averaged, giving a robust estimate. To
avoid time-domain aliasing, the number of frequency bins
must be reduced each time adjacent frequency bins are av-
eraged. The trade-off is confidence for frequency resolution.

Theoretical and practical considerations show that trans-
forming a data series into the frequency domain is not a
straightforward process (Robinson 1982). The result of a sim-
ple DFT has an error variance equal to the estimate, and is
very severely corrupted by leakage. Large amounts of data
(thousands of points) are needed for confident estimates. This
has resulted in a tremendous number of ad hoc attempts to
improve on the bias and uncertainty problems of the non-
parametric, DFT-based estimates of a system’s transfer func-
tion (Kay and Marple 1981).

Parametric Methods of Estimating Transfer Function

Very often some information is known about the signal or
the source. It might be something as simple as the fact that
the frequency content of the region of interest is band-limited.
For example, the resonant frequency of a building is known
to lie within a narrow frequency range. Use of a priori in-
formation can allow an appropriate model of the process to
be selected to estimate system mechanical properties from a
small amount of data. The assumption of a physical model
reduces the inverse problem to solving for the model param-
eters.

A simple model for system identification can be developed
from discrete time-series analysis, which models the system
as an autoregressive—moving-average (ARMA) process, as
follows:

Y, = a4y, + &y, -+ ... +bx, +bx ,+ ...
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where y; = actual output data sequence; x; = input sequence
(assume white noise for simple spectral estimation); ¢ = time-
step counter; and na and nb = autoregressive (AR) and
moving-average (MA) orders, respectively. The output is seen
as a combination of the input history acted upon by the b
coefficients plus the past outputs acted upon by the a coef-
ficients. The input series, involving the b coefficients, is a
causal MA process (convolutional). The series involving
weighted past output values (a coefficients) is a noncausal
AR process. The lengths of the AR and MA processes must
be explicitly chosen so that the model best represents the
process (additional required information compared to the
DFT).

The system model can be examined in the frequency do-
main by applying the shifting theorem and Z-transform
(Bracewell 1978) (where z¥ = e¢**), and rearranging. The
result is the following frequency-domain transfer function H,:
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The energy spectral density as represented by the standard
periodogram approach can be shown to be identical to a
parametric model of a least-squares fit of the time series to
a simple harmonic model—the DFT (Kay and Marple 1981).

The use of this particular model requires the estimation of
orders of both the AR and MA parts of the ARMA model,
which is not a straightforward task. For many practical pro-
cesses, the order must be guessed at, with various theoretical
and empirical methods of deciding the optimum AR order
[e.g., Bohlin (1987)]. The most open method is to increase
the orders until the following “‘innovations™ series (squared
estimation errors) becomes white noise:

b, =y (3)

where y, = actual output at time ¢; and ¥, = model prediction
of output at time ¢ made at time ¢t — 1.

The ARMA model has special significance because it can
be derived directly from the equations of motion for an N-
DOF system, with the damping ratio and resonant frequency
as the model parameters [e.g., Gersch and Luo (1972)]. A
2n — 2n ARMA model is therefore a valid model for an »-
layered soil system, or soil-structure interaction problem. The
damping ratio and natural frequency of the N-DOF oscillators
are contained in the 2n AR parameters. Phase relations are
preserved in the MA parameters.

The subset AR model, where the MA parameters (b pa-
rameters) are set to zero, is deserving of special attention.
The AR model was initially derived for the single-DOF (SDOF)
oscillator (Yule 1927), and the few necessary parameters are
easy to solve for using linear techniques. Modern AR meth-
ods use a least-squares approach to optimize a particular cri-
terion, with the most popular algorithm for estimating the
parameters of an AR process by maximizing data entropy
(Burg 1975). This estimate has very high resolution compared
to other methods, and is optimal for short data sets with as
few as 50 points (Hardin 1986).

Nonstationary Problems

All the methods discussed so far, both parametric and non-
parametric, are strictly valid only for stationary data. A sta-
tionary signal is one whose statistics (mean and variance) do
not change with time. The output of an oscillator whose stiff-
ness changes with time is an example of a nonstationary pro-
cess. Transient signals, by definition, are not stationary. The
more commonly invoked, loose definition of stationarity re-
quires that only the signal variance be constant over any and
all time windows.

Because the nonstationary signal’s statistics change through
time, a Fourier transform of a nonstationary signal averages
the frequency components over the entire sampling duration.
The energies present at each component frequency are in-
tegrated over the entire time sampled. However, for nonsta-
tionary signals these energies are changing during this period.
If the frequencies present are changing over this time window,
the resulting estimation, regardiess of method used, will be
a smeared average as if all the frequencies with energy were
active at the computed level throughout the entire period.

The field of adaptive filtering was formed to model non-
stationary processes. As the statistics of the signal change
through time, the filter ““adapts™ to the changing variance
with new parameters that reflect the structure of the system
at that point. The predicted value for the next time step can
be compared with the actual value, and the difference [in-
novations (3)] will give a measure of how well the filter is
doing its job. Model parameters can be sequentially estimated



so that the parameters are adaptive to the changing nature
of the process (Ljung 1987). The spectral estimation can be
made for every time step, giving the spectral description of
the behavior of the process at that very time. The most pop-
ular adaptive filter, or process model, is the Kalman (1960)
filter and its extensions.

Expectations

Parametric models are attractive for several reasons: there
is high confidence in transfer function estimates; they are
optimized for short data lengths; they characterize compli-
cated systems with a few simple parameters; and the model
parameters have physical meaning for the geotechnical sys-
tems of interest—system damping and resonant frequency.
System resonant frequency is associated with the peaks of the
amplitude spectrum. A single peak is relatively easy to iden-
tify, especially if the proper model has been used for the
process. For the very large resonance peak of the principle
harmonic, virtually any method will give a close result, even
for a relatively nonstationary case. However, every method
distorts the shape of the peaks, the usual source of the damp-
ing estimate. It is therefore to be expected that system iden-
tification will give good estimates of modal frequencies, but
poorer estimates of damping (Gersch 1974).

MODELING OF EARTHQUAKE STRONG MOTION

Earthquakes can be seen as high-energy forcing functions
that are used to excite a system of interest. Because the earth-
quake is a one-time transient event, it is by definition non-
stationary. Being an unique event, ensemble averaging tech-
niques are not applicable. However, parametric models offer
relevant solutions to problems of interest to the geotechnical
engineer. It has been assumed by many researchers that earth-
quake strong motion can be accurately modeled by parametric
techniques. This important assumption will now be examined.

An effective method of approaching the nonstationary
problem, using the efficient Burg (1975) estimator, is by seg-
menting the data record into pseudostationary pieces. Jur-
kevics and Ulrych (1978) examined how a process itself changed
through time, rather than assuming that the system param-
eters were time-invariant. The Orion Boulevard recording of
the 1971 San Fernando, California, earthquake was used as
the data series, and the surface accelerogram modeled as a
second-order AR process. The strong motion record was cut
into very short segments (ls, 50 data points) because a short
segment best preserves the assumption that the process is
stationary within that segment. A recent report (Popescu and
Demetriu 1990) successfully applied a similar segmentation
scheme to earthquake records from Romania.

Transforming Nonstationary Signals into
Stationary Signals

Another approach to analyzing nonstationary data is to
transform the nonstationary data series into a stationary rec-
ord. The oldest and simplest technique is to apply the dif-
ference operator to the data. The new data series can be
stationary and the parameters solved for with customary tech-
niques (Brillinger 1988). Another method constructs a
polynomial to describe the change in variance over time and
then employs it to “*correct’ the variance to a constant (Pol-
hemus and Cakmak 1981). In this case, a particular earth-
quake is seen as an instance of a stochastic process, therefore
a “‘similar’” earthquake would not have to be identical, but
only need to have the same stochastic descriptors. Indeed,
this is the stochastic foundation that makes the AR and ARMA
methods possible.

Direct Modeling of Nonstationary Processes—Time
Adaptive Filtering

A nonstationary process can be modeled directly using time-
adaptive filtering, in which the estimates of the AR param-
eters are updated for each time step. An early adaptive im-
plementation reported estimations virtually identical to those
calculated by the segmentation method (Jurkevics and Ulrych
1978). This result shows that carefully segmenting nonsta-
tionary data does a very good job of characterizing the local,
quasi-stationary process.

A more direct approach is to utilize a recursive estimation
of the AR parameters. Kitagawa (1983) and Gersch and Ki-
tagawa (1985) assumed a zero mean, nonstationary data se-
ries, such as an accelerogram. This so-called “‘smoothness
priors time-varying AR coefficient” model was applied to the
1949 Olympia, Washington, earthquake (Kitagawa and Gersch
1985). The actual accelerogram is shown in Fig. 1(a), with a
simulated time history shown in Fig. 1(b) for comparison.
Another view of the system through time is given in Fig. 2,
which shows the spectral density through time.

ESTIMATING SYSTEM PARAMETERS
Continuous Forced Excitation of Soil

The simplest method of determining the dynamic behavior
of a soil system is to use forced vibration. In this case the
excitation is under complete control of the experimenter, and
the input forcing function is well-known. The driving function
is stationary, and duplicate data can easily be collected. This
makes a proper DFT-based spectral estimate very accurate.
The gain factor can be plotted, the resonant frequency and
soil stiffness found, and the soil damping calculated from the
half-power point (Bendat and Piersol 1986). In a more com-
mon situation the soil must be considered a layered system,
with each layer having its own distinct set of descriptive pa-
rameters, the system being modeled as a series of SDOF
linear oscillators. The system will be characterized as the
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FIG. 1. 1949 Olympia, Washington Earthquake (Kitagawa and Gersh
1985): (a) Actual Accelerogram; (b) Simulated Time History

FIG. 2. Actual Instantaneous Spectrum for 1949 Olympia, Wash-
ington Earthquake (Kitagawa and Gersh 1985)
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compound filter, which converts the known force input into
the measured surface-displacement output.

An N-layered soil system typically can be modeled as an
N-DOF lumped-mass system. Udwadia et al. (1978) have
derived a linear method whereby the damping and stiffness
of all layers can be uniquely determined for forced vibration
using one surface transducer, if the mass distribution is known.
Because the force-time history of the exciting shaker and the
system output is known, this method is fundamentally similar
to the simple case of the SDOF linear oscillator just described.
Udwadia et al. note that a good signal-to-noise ratio is an
important parameter to ensure low variance in the system-
parameter estimates.

The behavior of a well-defined structure, such as a bridge
under forced vibration, can be used to ascertain information
about the supporting soil system. Crouse and Hushmand (1987)
placed 30 accelerometers at various locations on a bridge, and
a detailed modal analysis of the bridge response to a large
eccentric mass shaker was undertaken. The second (primary
torsional) mode was found to best characterize the soil-struc-
ture interaction. The computed resonant frequencies were
almost identical to those observed for the first four modes.
Although yielding good results, this method is quite compli-
cated, both experimentally and computationally. The writers
further note that the technique will only work with very well
characterized structures, because the effects of soil and struc-
ture must be separated. The values estimated are for an av-
eraged lumped soil mass and not for each soil layer indepen-
dently.

Ambient Vibration

Forced vibration methods often have limited use because
of the difficulty of imparting enough energy into the system
to involve a large amount of soil. A solution to this problem
is to use a source of natural stationary excitation. A constant,
repeatable source would be appropriate, because it would
allow large data sets and redundancy to minimize bias and
variance in the estimates. Ideally, simple DFT methods could
be used with excellent results.

An application of this approach is presented by Ohmachi
et al. (1991) for a suite of locations in the San Francisco Bay
Area [based on a method developed by Nakamura (1989)].
Nakamura (1989) claims that the cultural sources, the “noise,”
produce mostly Rayleigh waves (R-waves), and are domi-
nated by vertical motion. For the frequencies of interest, the
R-wave has the same spectral amplitude in both the vertical
and horizontal directions. Colored noise is eliminated by tak-
ing the ratio of the horizontal and vertical surface spectra.

Finn (1991). however, states, “Nakamura’s procedure for
determining site periods and amplification factors is based on
some tenuous assumptions.”” In addition, there is a problem
with using microtremors to characterize the strong-motion
behavior of a site. Data from Japan show that the micro-
tremor techniques overestimate the transfer function by up
to a factor of five compared to the strong-motion results (Seo
et al. 1989). Evidence also shows that the fundamental period
shifts to lower values for strong-motion accelerations [e.g.,
Vucetic and Zorapapel (1991)].

Analysis of ambient vibrations, however, is an important
method for SI if carefully analyzed. For instance, ambient
vibration is nonstationary in the long term. A simple solution
to salvage the use of ambient vibrations is to break up the
nonstationary record into stationary pieces. The simplest
method is to assume that the variance is changing slowly, and
break the record into relatively short, equal-length segments.
A much more efficient approach is to use the Akaike infor-
mation-theoretic criterion (AIC) to divide the record into
locally stationary, contiguous but not necessarily equal-length
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segments (Gersch and Brotherton 1982). Each locally sta-
tionary segment is then assumed to be made up of two com-
ponents. The first is a stationary time series that is the same
for all the segments and represents the time-invariant param-
eters of the structure being investigated. The second is a
nonspecific auxiliary signal and varies from segment to seg-
ment, and can be due to various noise sources. The singu-
larities of the frequency-domain transfer function of the dig-
itized signal is then plotted in complex coordinates. Because
the structural part is common to all segments and the auxiliary
(noise) part different in each, the complex poles (zeros of the
transfer-function denominator) of the structural part will be
in the same location, and those of the noise process will vary
in each pole plot.

This ingenious method allows better estimates of the damp-
ing parameter. Because the variance of the damping estimate
is a function of the inverse of the length of data used to make
the estimate, long stretches of stationary data are usually
required for robust estimates. The present method allows the
estimates from each segment to be combined, with a final
variance inversely proportional to the length of the sum of
segments.

Parameter Estimation Using Impedance Functions

A small rigid footing can be excited by forced vibrations
to determine actual impedance functions in situ (Luco and
Wong 1990). The soil is modeled as several horizontal layers
overlying a half space. The parameters of the theoretical func-
tion are varied until there is a least-squares match between
it and the experimental function. This allows the identification
of the shear-wave velocities (stiffness), material damping ra-
tios, and Poisson’s ratios of the soil layers.

This technique was evaluated with a data set containing
three modes from a foundation test in the Imperial Valley,
California (Crouse et al. 1990). The resultant velocities were
different from the experimentally measured values, but within
the experimental variance of the spectral analysis of surface
waves (SASW) method used to measure the in situ velocities.
However, damping-ratio values were erratic and unrealistic.
Luco and Wong (1992) also found that data error degrades
the estimates of the properties of deeper layers. especially
the damping ratio. Although the use of impedance functions
to estimate in situ soil properties shows promise and has good
theoretical grounding, it is very limited as to the depth of soil
it can characterize, and the experimental and analytic over-
head is also quite daunting.

Actual earthquake excitation has been used to measure
experimental impedance functions of structures for compar-
ison to theoretical functions (Mau and Wang 1990; Loh and
Mau 1989). Loh and Mau (1989) studied the modal behavior
of the one-quarter—scale mode! nuclear power-plant contain-
ment vessel in Lotung, Taiwan. The rigid structure was ro-
bustly instrumental so that the rigid-body motion could be
well-characterized with simple computation. The paper re-
ports preliminary work, for which the free-field motion is not
considered, and only the rocking mode is analyzed. The best
fit between the theoretical impedance functions and the ex-
perimental impedance functions was with assumption of a
natural frequency of 2.72 Hz, damping ratio of 10.9%, and
a shear-wave velocity of 310 m/s.

Mau and Wang (1990) continued the work on the Lotung
containment structure with a more complete analysis where
the form of the impedance function was not assumed. The
coupling terms were ignored, allowing the system to be mod-
eled as a single-input—single-output system, with the imped-
ance function acting as the transfer function (filter). These
applications illustrate parameter estimation not involving
spectral estimation.






