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Abstract: The phenomenological theory of elastic—plastic response is reconsidered in the light of recent
opinion regarding the constitutive character of the constituent elastic and plastic deformations. The primary
role of dissipation in the physics of plastic evolution is emphasized and shown to lead to the clarification
of a number of open questions. Particular attention is given to the invariance properties of the elastic and
plastic deformations, to the kinematics of discontinuities, and to the role of material symmetry in restricting
constitutive equations for elastic response, yield and plastic evolution.
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1. INTRODUCTION

The modern literature on the phenomenological theory of metal plasticity emphasizes a mul-
tiplicative decomposition of the deformation gradient into elastic and plastic factors in which
the former measures distortion relative to some unstressed or relaxed configuration of a lo-
cal neighborhood of a material point. The definition of the elastic deformation in terms of
information about the stress immediately implies that the former is inherently both consti-
tutive and kinematic in nature. This contrasts with conventional ideas in continuum theory
according to which kinematical and dynamical variables are viewed as being conceptually in-
dependent of a constitutive framework. The constitutive/geometric nature of the constituent
elastic and plastic deformations affords considerable latitude in resolving ambiguities about
their properties that are unavoidable in a purely geometric interpretation. The purpose of the
present work is to extract definitive statements about these variables from specific constitu-
tive hypotheses and thus to clarify the structure of initial-boundary-value problems for the
motion of a continuum in the presence of plasticity. Our views combine three major lines of
thought in the recent literature on plasticity. These are (i) the recognition of the constitutive
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character of elastic and plastic deformations [1], (ii) the central roles played by incompati-
bility and Eshelby’s energy—momentum tensor [2, 3], and (iii) the recognition of the primary
role of dissipation in plastic evolution [4, 5]. We concentrate on the purely mechanical theory
as this is sufficient to highlight the issues of main concern.

The following notation is adopted in which V is the translation (vector) space of a real
three-dimensional Euclidean point space E:

Lin the linear space of linear transformations (tensors) from V to V.

InvLin the group of invertible tensors.

Sym = {A €Lin: A = A’, the transpose of A}, the linear space of symmetric tensors;
also, the linear operation of symmetrization on Lin.

Skw = {A €Lin: A’ = —A}, the linear space of skew tensors; also, the linear operation
of skew-symmetrization on Lin.

Orth* = {A elnvLin: A’ = A~!, the inverse of A, with J, = 1}, the group of rotations.

The determinant and cofactor of A are denoted by J4 and A*, respectively, and A* =
J4A7"if A € InvLin. It follows easily that (AB)* = A*B*. Further, Lin is equipped with the
Euclidean inner product and norm defined by A-B = tr(AB') and |A|* = A - A, respectively,
where tr(-) is the trace. We make frequent use of relations like A-BC = AC'-B = C'-A’B and
AB-CD = ABD' - C, etc., which follow easily from trA = tr(A’) and tr(AB) = tr(BA). Itis
well known that Lin = Sym@ Skw, the direct sum of Sym and Skw, where 2SymA = A+ A’
and 2SkwA = A—A’. The tensor product a®b of vectors is defined by (a®b)v = (b-v)a for
all vin V, where b-v is the standard inner product of vectors. The gradient of a differentiable
function G: Lin — R is the tensor G defined by

G(A +B) = G(A) + Ga - B+ o(|B]). ey

A similar formula applies to differentiable vector-valued functions defined on E. Following
standard practice we reserve the notation V for the associated gradient.

We assume the conventional balances of linear momentum and moment of momentum
to apply to arbitrary parts of the body B. Thus,

divT +pb=p,a, Te Sym 2)

at points in the configuration x, occupied by the body at time ¢, where x is the position therein
of a material point p € B, p,(x,?) is the associated mass density, div is the divergence
operator based on X, a is the material acceleration and T(X, ¢) is the Cauchy stress. In practice
the referential form

DivP + p,b=p,X, where P=TF" 3)

is the Piola stress, is often most useful, where Div is the divergence with respect to X, the
position of p in a fixed reference placement x, with mass density p, = p,Jr, where Jp(> 0)
is the local ratio of volume in «; to that in x,, and where F = Vy(X, t) is the gradient at p
of the map x =y(X, ¢) from «, to x,. We also assume the mass to be conserved, this being
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expressed simply by p, = 0. Here and elsewhere superposed dots stand for material time
derivatives (0/0t at fixed X).

We are interested in applications of the theory to shock physics and thus append the jump
relations [6]

Ulp,1=0, [PIN+U?p,[x] =0, 4

where N is the local unit normal to a surface S of discontinuity in x, with speed U in the
direction of N, and [-] is the discontinuity on S.

The basis of the idea of a local stress-free state, and an associated manifold of intermedi-
ate configurations, is examined in Section 2. This is grounded in the notion of an equilibrium
unloading process together with appropriate constitutive hypotheses on the elastic response.
In Section 3 the constituent elastic and plastic deformations are discussed. Stokes’ theorem
is used to describe the notion of incompatibility and associated dislocation densities. This is
adapted, in Section 4, to describe surface dislocation in terms of discontinuous elastic and
plastic deformation fields. Surface dislocation contributes to the net Burgers vector asso-
ciated with a surface that intersects the discontinuity surface, and furnishes the extension
of Hadamard’s lemma for coherent interfaces to the non-coherent case. The extension ef-
fectively removes the severe rank-one constraint on the discontinuity imposed at a coherent
interface, and thereby confers an additional degree of freedom on the kinematics of deforma-
tion. The basic constitutive framework is discussed in Section 5, where the elasticity of the
body is described and the dissipation associated with plastic evolution is expressed in terms
of Eshelby’s tensor. Of central importance is the assumption introduced there of strong
dissipation, according to which plastic evolution is inherently dissipative. This imposes a
constraint on the kinds of evolution that qualify as plasticity, constituting, in effect, part of
the definition of plastic flow. It is used, in Section 6, to derive unambiguous transformation
rules for the elastic and plastic deformations under superposed rigid-body motions. Material
symmetry restrictions on the elastic response and on constitutive equations for yield and plas-
tic flow are discussed in Sections 7 and 8, following ideas put forth in [1] and [7]. Finally,
in Section 8, the latitude afforded by the constitutive character of the plastic deformation is
used to dispose of a long-standing controversy surrounding plastic spin.

2. UNLOADING ELASTIC BODIES TO ZERO STRESS

A central tenet of the considered model is the idea that stress is purely elastic in origin, the
associated deformation being measured from a stress-free local configuration. It is therefore
of no small importance to justify this assumption. To explore this issue we appeal to the
mean-stress theorem, according to which the mean Cauchy stress in a body B is zero if it is
in equilibrium and subjected to vanishing surface tractions and body forces [8]. Thus, the
mean stress

T(r) = [vol(x,)]™" / T(x, 1)dv (5)

Ky
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vanishes, where T is the Cauchy stress and vol(x;) is the volume of «,. This theorem is valid
for stress fields that are differentiable and hence continuous in x,. The mean—_value theorem
is then applicable and guarantees the existence of X € x, such that T(x, r) = T(= 0). Let

d(x;) = sup |x—y| (6)

X,YEK;

be the diameter of x,. For d — 0 we have |x — X| — O for all x in x, and the continuity of
T(x, t) furnishes T(x, 1) — T(X, t) = 0. Thus, if the hypotheses of the mean-stress theorem
are satisfied, then the local stress can be brought arbitrarily close to zero by making the
diameter of the body correspondingly small against any length scale at hand. This result is
of course independent of material constitution and furnishes theoretical justification for the
measurement of residual stress by cutting out a small part of a body and observing its change
in shape.

For elastic bodies the Cauchy stress is given in terms of the deformation from a reference
configuration x, of B by the well-known formula [9]

JrT = WiF', @)

where W (F) is the strain energy per unit volume of x,. The function W (F) satisfies the
requirement of frame invariance, in the sense that W(F) = W(QF) for any rotation Q, if
and only if it is determined by the right Cauchy—Green deformation tensor C = F'F; thus,
W (F) = W(C) and the well-known relation Wy = 2F(SymW¢) furnishes

JyT = 2F (Sych) F. 8)

The Cauchy stress vanishes if and only if W is stationary. Let «, be stress free, so that w
is stationary at C = I. We assume that C = I is the unique stationary point. This is assured
by adopting the constitutive assumption that the strain energy is a strictly convex function of
C with a minimum at C = I. Thus, we assume that

W(C,) — W(C)) > SymWe(C)) - (C, —C)); C, # Cy,

with W) = 0 and SymWc) = 0. )

This in turn guarantees that stress relaxation is energetically optimal and reflects the phe-
nomenology typical of metals in the elastic range provided that

|[C—-1| <e, (10)

where € depends on the material at hand.

To elaborate, imagine cutting x, into an arbitrarily large number of sub-bodies of arbi-
trarily small diameter and relaxing the loads thereon. The mean-stress theorem together with
our constitutive hypotheses imply that equilibrium states of these sub-bodies are stress-free,
minimum-energy configurations in a Euclidean point space E provided, as we assume here,
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that no energy is needed to generate the new surfaces created by this process. If these re-
laxed configurations cannot be made congruent in the absence of strain, then they do not fit
together to form a connected whole in Euclidean space. The material is said to be dislocated.
For a given sub-body, consider two relaxed configurations «,, and x,, in E related by the
map X, = u(Xy). Then dX, = AdX, where A, with J, > 0, is the gradient of u. Let F,
and F,, respectively, be the gradients of the maps of these configurations to #, at the material
point p. Thus, dx = F,dX, = F,dX, = F,AdX,, and therefore

F, = FA. 11

We wish to characterize any non-uniqueness in the local unloading process and so require
that F; and F, generate the same Cauchy stress in «,:

(Whp, (F))™' =T = (Wo)p, (F3) 7", (12)

where W, (F,) and W, (F,), respectively, are the strain-energy functions based on x,, and x,,.
These are related, modulo a constant, by

Wi(Fy) = JyWa(F2). (13)
To see this consider a parametrized path of deformations and let a superposed dot denote the

derivative with respect to the parameter. Using W = Wg-F = TF* . F with A fixed, we then
obtain

Wi (F)) = TF - F, = TE;A* - FLA = TFAA' - F, = J, W, (F,), (14)
and hence (13).
The Cauchy stress vanishes at p if and only if
Sym {(Wl)c} —0 and Sym {(WZ)C} —0, (15)
1 2
where
Wi(C)) = Ju,Wa(Cy) and C; = A'GAA. (16)

Our constitutive hypotheses, applied to both strain-energy functions, then imply that C; =
C, =1 and hence that A’A = 1. Thus,

A € Orth™. (17

Since this holds identically in the given sub-body, the fact that A is the gradient of a map u«
implies that A is uniform [10; pp. 49, 50]. The unloading process then determines a local re-
laxed configuration in £ modulo orientation and translation. This degree of freedom is seen
to follow directly from our constitutive hypotheses and the consequent interplay between
deformation and stress in the definition of unloading.
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We identify an arbitrarily small open ball surrounding a material point p € B with a
tangent space to a global differentiable manifold M. Let F map the tangent space Tq(p) of
M at ptoV atxink,. We stipulate that F'F be the strain at p required to make the collection
of stress-free sub-bodies in E fit together in x,. The non-existence of a global differentiable
map from «x, to the disjoint relaxed sub-bodies in E implies that points p in the unstressed
manifold M cannot be associated with a position field and thus that M is not Euclidean.
The field F does not then satisfy the usual compatibility condition which follows from the
existence of such a map. The incompatibility is typically identified with a distribution of
Burgers vectors via an analogy with the geometry of defective crystal lattices. This idea
is the basis of the elegant differential-geometric theory of self-stressed bodies containing
continuously distributed dislocations [11-19].

Our assumption of a unique energy well in the domain of W excludes certain models
of crystal elasticity proposed by Ericksen [20] and Hill [21]. These models are motivated
by the observation that there exist unimodular non-orthogonal transformations of a regular
cubic lattice, say, which generate lattices that are geometric copies of each other. If W, (F)
and W,(F) are the strain-energy functions for two lattices related in this manner, then it is
natural to assume that they respond identically to a given deformation and thus that they
satisfy the symmetry condition

Wi (F) = Wy (F). (18)

Our view (see also [22]) is that symmetries of this kind do not fit naturally in the framework
of Noll’s simple elastic solid [23]. For, if G is an element of the symmetry set of the first
lattice, then by Noll’s rule KGK™' belongs to the symmetry set of the second, where K is
the gradient of the deformation that carries the first lattice to the second. We then have

Wi(F) = W,(FG) and W,(F) =W, (FKGK™'), (19)

which imply that G = K and G = K~! are symmetry transformations for both (hence all)
lattices so related. Thus,

W(F) = W(FK) = W (FK™"), (20)

where W stands for W, or W,. Let e;, i = 1, 2,3, be the axes of the first cubic lattice,
normalized by the (uniform) lattice spacing and aligned with the edges of a typical cube.
Then a transformation of the required type is furnished by the simple shear K =14y e, ®e,,
where y is an integral multiple (positive or negative) of the lattice spacing. The inverse of K
is a simple shear of amount —y and also furnishes a map of the lattice to itself. The presence
of such K and its inverse in the symmetry set is thus to be expected on physical grounds. In
turn, this implies that K’ CK belongs to the domain of the strain-energy function W whenever
C does, for any amount of shear equal to an integral multiple (positive or negative) of the
lattice spacing. Elastic response of this kind may be understood by regarding the bonds
between atoms at the corners of a lattice cell as nonlinear springs. This analogy suggests that
Noll’s simple elastic material does not furnish an acceptable model of the physics at hand
as arbitrarily large spring extensions would have to be admitted, whereas interatomic bonds
presumably fail to persist when extended beyond finite limits.
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Here, we discard the elastic interpretation and instead adopt the mechanism of plastic-
ity to account for the underlying phenomenon. Thus, we re-interpret (18) as a statement to
the effect that the elastic response of the lattice to a deformation F is unaffected by plastic
slip K (or K=!). We retain Noll’s view insofar as a superposed elastic distortion F is con-
cerned. Variations in F at fixed K generate variations in stress in accordance with the elastic
properties of the crystal, provided that such variations engender non-zero strains belong-
ing to the domain of the elastic constitutive function. Thus, we introduce an elastic energy
and confine symmetry transformations to subgroups of the orthogonal group, in accordance
with Noll’s original distinction between simple solids and simple fluids [23]. Such trans-
formations preserve inequality (10) and the energy-minimizing value, I, of C. To model the
invariance embodied in (18), it is then necessary to extend the constitutive structure beyond
Noll’s simple elastic solid to encompass the evolution of K. This of course is precisely the
aim of Plasticity Theory. The shortcomings of Noll’s simple materials as models of plasticity
are discussed further in [4, 24].

The connection between (20) and plasticity seems to be what Ball and James [25] have
in mind in their discussion of lattice symmetry. Specifically, their view is that the domain of
the strain-energy function should be limited in accordance with a restriction like (10) above
so as to exclude from the symmetry group of the elastic response function the possibly large
lattice shears typically associated with plasticity. The adjustment means that if C belongs to
the domain of W then K'CK does not, if the amount of shear is sufficiently large. Instead,
the latter would necessarily be associated with inelastic behavior. The restriction advocated
by Ball and James excludes such shears from the theory of the elastic response of crystals.
To effect such exclusion it is sufficient to assume (10) and to restrict the symmetry set to a
subset of the orthogonal group.

3. DEFORMATION AND INCOMPATIBILITY

The foregoing considerations lead us to introduce a local stress-free intermediate configu-
ration x; of a material point p and to identify this with the tangent space T at p to
a differentiable manifold M having a generally non-Euclidean structure. The properties
of this manifold may be inferred from our discussion but are not needed explicitly in this
work. We reserve the labels x, and x, for global reference and current configurations of B,
respectively. These are regions in the Euclidean point space E. The positions of a point
p € B in k, and k, are denoted by X and x, respectively, and we assume the existence
of an invertible differentiable map ¥, such that x =y, (X, ). The subscript is suppressed
unless it is needed for clarity and we typically write x =% (X, ¢). Let F be the gradient of the
deformation from «, to x,:

F = Vy(X,0), @1
where V is the gradient with respect to X. Let H be the local map from the tangent space «;

to V at x € k,, and let K be the map from «x; to V at X € x,. We assume that Jy and Jg
are positive. Thus, H and K~! are the elastic and plastic deformations, respectively. Unlike
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F, they are not, in general, gradients of position fields. This issue is associated with the fact
that position fields do not exist in M due to its non-Euclidean character. We have [2]

H=FK. (22)

An adaptation of Stokes’ theorem [14, 26, 27] furnishes

/ FdX = /(CurlF)’NdA, (23)
o8 s

where S, with boundary 85, is an oriented surface in a simply-connected region of x, with
local unit-normal field N(X) for X € S, and Curl is the referential curl operator. This
theorem holds if F is a differentiable function of X. The curl is defined in terms of the usual
curl operation on vector fields by [26, 27]

(CurlA)e = Curl (A'c); ¢ fixed, (24)

which furnishes (23) as an immediate consequence of Stokes’ theorem for vector fields.
From (21) we have that FdX = dy and the left-hand side of (23) vanishes. The arbitrariness
of § and thus of its local orientation N then implies that CurlF = 0 in «,. This also follows
directly from the differentiability of Vy. Conversely, if CurlF = 0 in a simply-connected
part of x, containing S then the right-hand side of (23) vanishes. This implies that the line
integral [ FdX is independent of the path I in such a region and thus, following a classical
argument [28, Section 59], that F is the gradient of a (vector) potential which we identify
with the deformation %. It follows that the vanishing of CurlF is necessary and sufficient for
compatibility of F in a simply-connected region; i.e., for the existence of a position field
%(X, ) such that Vy=F.

The properties of the manifold M imply that CurlK~! need not vanish. In this case we
define

B(S,1) = / K 'dX = / (CurlK™")" NdA4, (25)
oS N

where the right-most equality follows if the field K=! is smooth. This is referred to as the
Burgers vector associated with S in recognition of its interpretation in dislocation theory.
Thus, the existence of a non-zero Burgers vector is due to the incompatibility of the plastic
deformation or, equivalently, to the non-existence of a position field in M with (referential)
gradient K~!. Using the (smooth) elastic deformation instead, we define

b(s,t)i/ H_ldx=/(curlH_1)1nda, (26)

where s is the image in «, of S C #, with unit-normal field n(x, ¢) and curl is the spatial curl
operator based on x. It follows from (22) and Nanson’s formula nda = F*NdA that b(s, ¢) =
B(S, 1) [26]. Then H™!(x, ) is incompatible if and only if K='(X, #) is incompatible. The
tensors
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a, = CurlK™! and @, = curlH™! (27)

thus provide measures of the incompatibility per unit area of a material surface in x, and
K, respectively. Accordingly, we refer to these as the referential and spatial dislocation
densities.

In [26] an associated tensor a called the true dislocation density is introduced. This
satisfies

Jx K 'CurlK™! = a = JyH 'curlH™!, (28)

wherein the outer equality may be shown to follow from (22). The name is justified by the re-
markable fact that e is invariant under arbitrary differentiable variations of the configurations
x, and «,. To see this we consider a variation of x, from «,, to x,, defined by the one-to-one
map X; = A(X,) with invertible gradient R = V|1, where V| is the gradient with respect to
X;. Using obvious notation we have Kl_ldxl =K 'dX, and therefore

(Curlsz_l)’deAz = Kz_ldXQ = Kl_ldXI = / (CurllKl_l)t N]dA], (29)
081 N

AY) Ay

where S, = A(S}), provided that
K, = RK,. (30)

Nanson’s formula in the form N,dA, = R*N;dA, and the arbitrariness of S; then combine
to give [26]

JrCur,K;' = RCurl, Kj', (31)

which yields the invariance of a by virtue of (28); and Jk, Jg = Jk,. Further, (30) and (31)
may be used with an obvious adjustment in notation to establish the outer equation in (28)
directly. The same reasoning based on the second equality of (28) proves the invariance of
o under arbitrary one-to-one differentiable variations of ;. In effect a furnishes a measure
of dislocation in the body per se in the sense that it is insensitive to the placement of the
body in any configuration in E. It is thus no coincidence that a is associated with an intrinsic
property of the material manifold M, namely the torsion of the affine connection induced
by K~! and its (referential) gradient (or H™! and its spatial gradient) [15, 16].

4. INTERFACES

We have seen that if K=! is a smooth function of X in a simply connected region of «,, then
there exists a dislocation density a, defined on x, such that

B(S.,1) = / a'N,dA, (32)
S1
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where a, = CurlK~! and S, is any orientable open surface in said region with local orien-
tation field N, . If a, does not vanish identically then the body is dislocated in this region.
Consider a surface S C «, of discontinuity of the plastic deformation K=! and suppose
S, cuts S orthogonally. Let ' = § N S, be the curve of intersection. If K~! is differ-
entiable in the regions on either side of S, then Stokes’ theorem, and hence (32), may be
applied to the individual parts ST of S, separated by S. Adding the two expressions and
using I' = 65T N ST, we then have

/ o/N,dA = / (CurlK™")'N,dA = / K 'dX + / K']dX, (33
S1 StusT aS1L r

where [K™!] = (K~!)™ — (K~!)~. We use the superscripts * to denote the limits of functions
defined on k, as S is approached from the regions into which N and —N are directed, respec-
tively, where N is the unit-normal field on S. We also use square brackets, as indicated, to
denote the ordered difference between these limits. Let t = N, |, so that dX = N x tdu in
the final integral, where u measures arclength on I". We define a tensor field S, on S—the
(referential) surface dislocation density—such that

K™ (t x N) =gt onS, forall unitt € T, (34)

the tangent plane to S at X. The net Burgers vector associated with S, is then given by

B(SJ_,I)=/ a’erdA+/ﬁ£tdu (35)
Si I

Lett;, t; € T be such that {t;, t,, N} is a positively-oriented orthonormal basis. Writ-
ing [K™'] = [K']IwithI=N®N+t, ®t, leads to

K] =k@N-Bem, (36)
where Kk is an arbitrary 3-vector and
ey =t —tL, (37)

is the two-dimensional permutation tensor density on Tx). This satisfies ey = RenR’
for all two-dimensional orthogonal transformations R that preserve the orientation of T x).
Therefore any pair of vectors in Tgx) which with N form a positive orthonormal basis may
be used in the definition of &y.

We may solve (36) using e%N) = —1(n), where 1(xy = I — N ® N is the identity for ),
to obtain

Bl = K] en). (38)

This determines the action of £, on Tsx). The action of £/ on N is indeterminate and may
be set to zero without loss of generality. The formula (38) is equivalent to a result stated by
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Bilby [29] and used extensively in the subsequent literature on crystal interfaces and grain
boundaries [30, 31]. Bilby’s result is not consistent with his definition of surface dislocation
density as stated in the text of [29]. He defines the latter to be the finite limit obtained
by invoking Stokes’ theorem, collapsing S, onto I', and requiring the dislocation density
a, to become unbounded. However, the indicated limit vanishes under conditions in which
Stokes’ theorem is valid. More recently, surface dislocation density has been defined in
terms of discontinuities of crystal lattice vectors across S using a formula equivalent to (33)
[32].

If K™! is the gradient of a continuous and piecewise twice differentiable deformation,
then the second and third integrals in (33) vanish. The arbitrariness of I" then implies that
[K™'] (t x N) = 0 for all t € T, yielding Hadamard’s formula [K™'] = k ® N for a
coherent interface [33]. Equations (36) and (38) extend Hadamard’s result to general non-
coherent (i.e., dislocated) interfaces.

Proceeding from (26) and (27), instead, we derive

H']=h®n—Biew and Bilw = [H"]eqm, (39)

where h is an arbitrary 3-vector, n is the orientation of a surface s C x, of discontinuity
of H™!(x, ) and B, is the spatial surface dislocation density. This emerges from an ob-
vious adjustment to (33), and reduces in the coherent case to Hadamard’s rank-one form
[H‘l} = h ® n. Evidently the generalization to non-coherent interfaces yields a full-rank
expression which relaxes the constraint on the limits (H™')* associated with a coherent in-
terface. Accordingly, surface dislocation is an additional interfacial degree of freedom which
is available to minimize the elastic energy in the adjoining material. In general, this implies
that non-coherent interfaces are energetically optimal, which presumably accounts for the
stress relaxation typically attributed to the mechanism of surface dislocation. For example,
our constitutive hypotheses imply that adjoining crystal grains are in their minimum-energy
states if H'H = I therein. By the polar decomposition theorem, H™! then reduces to a rota-
tion in each grain, and (39), furnishes the required surface dislocation density in terms of the
rotation discontinuity. The so-called ¢ilt and twist boundaries furnish illustrative examples
[14, Section 3.9].

The referential and spatial surface dislocation densities are not independent. For, if s is
the image of S under the overall deformation, i.e. if s = x(S,¢), then the existence of a
continuous inverse deformation 3! (x, ) mapping «, to x, implies that any jump in F~! is of
Hadamard’s form [F "] = a ® n. Using this in the inverse of (22) together with

[H™'] = (K™) [F7] + [K] (™), (40)

where (-) is the average of the limits of the enclosed function on either side of the interface,
we derive

h@n—fiew= (K )aon+ke (F)N=floy (F1). @D

Nanson’s formula ensures that <F_’ > N is parallel to n. Multiplication on the right by ¢,
thus furnishes f! in terms of A’ :
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Pl = —Frem (F') e (42)
and the normal component of (41) yields a relationship among the vectors a, k and h:
h=(K"a+m (F')NKk—Blen (F')n (43)
There is no requirement that S C x, be a material surface. If it is not, then
UFI+[x]®N =0, (44)

provided that the deformation is continuous, where U is the velocity of S in the direction of
N [6]. Using this with

[F1(F™') + (F) [F'] =0, (45)
we derive

X @ (F')N=U (Fla®n. (46)

5. STORED ENERGY AND DISSIPATION

The elastic response is assumed to be described by a strain-energy function W (H) per unit
volume of a reference configuration. This function describes the response of the material to
distortion induced by the map from x; to V at x € x,. Mainly for illustrative purposes, we
confine attention here to functions W (H) that do not vary from one material point to another.
This restriction defines materially uniform bodies [7, 15, 16]. Let ¥ be the strain energy per
unit volume of x,. Then, from (22), ¥ may be regarded as a function of F and K defined
by

U (F,K) = J;'W(FK). 47)
The strain energy at fixed K is given by Vg (F, X) = ¥ (F, K(X)) and depends explicitly on
X only if the distribution of plastic deformation is not uniform.
We assume the stress to be purely elastic in origin and thus impose (7) with F replaced
by H:
JuT = WyH'. (48)
Using P = TF* with F*K* = H*, we then derive
Wy = PK". (49)

This furnishes
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W=PK*"-H=JP -HK', (50)
yielding
P.F=VU if K=0. (51)

In the general case, we use

U = J W = (Jx /Tx) W] (52)
with
Jx/Jk = KK, (53)
W = Wyg-H=WwyK -F+FWy- K, (54)
and (49), to obtain
U =P-F+ (FP—Jg'WI) K™ K, (55)
which may be recast as
P.-F=1%+D, (56)
where
D=¢E -KK! (57)
and where
E=VI-FP (58)

is Eshelby’s energy-momentum tensor [34]. These results, due to Epstein and Maugin [2],
have been reproduced in several forms in the subsequent literature [3, 5, 35-37].
Using (47) and (49), Eshelby’s tensor may be written in the form
E=JK'EK, (59)
where
&' =WI—-H Wy (60)

is purely elastic in origin. This in turn yields

JxD =& - K 'K. (61)
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Equation (56) furnishes a decomposition of the stress power per unit volume of x, into
an energetic part and a part arising from the evolution of plastic deformation. Following
conventional ideas we assume the part not accounted for by the energy to be dissipated, i.e.

D>0 forall K. (62)

It is obvious that D vanishes if K vanishes. It is natural to expect that the converse is also
true; i.e., that D vanishes only if K vanishes. This is tantamount to the assumption that
the evolution of plasticity is inherently dissipative. In effect, this restriction defines plastic
evolution in part through a constitutive assumption. Thus, we adopt the hypothesis:

E.-KK'>0 ifandonlyif K=#0. (63)
A jump condition restricting the evolution of discontinuities may be obtained by spe-

cializing the Clausius—Duhem inequality. The relevant analysis is summarized in [6] and
yields

UN- ([€]1+ %p,Uz [F'F|)N > 0. (64)

6. SUPERPOSED RIGID MOTIONS
Granted the symmetry of the Cauchy stress, (48) implies that
Wy - QH=0 (65)

for any fixed Q € Skw. Consider a parametrized path H(u) defined by H(u) = QH with
H(0) = Hy. The unique solution [10] is H(z) = Q(u)H,, where Q is a rotation with Q(0) =
Iand QQ' = Q. This means that W = 0 on the path in question; i.e., that W (QH,) = W (Hj)
for any rotation Q. Standard arguments based on Cauchy’s theorem for hemitropic functions
[9] or on the polar decomposition theorem then furnish (with the subscript  suppressed)

W(H) = W(Cy), where Cjy =HH, (66)
and thus
JuT =HS(Cy)H, (67)
as in (8), where
S(Cy) = 2SymWc, . (68)

Henceforth we assume that all constitutive hypotheses introduced in Section 2 apply to the
function W(Cp).
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Note that in the course of deriving (67) we have assumed only the symmetry of the
Cauchy stress. In particular, we have not imposed the invariance of the strain-energy function
under superposed rigid-body motions. Indeed, in conventional finite elasticity theory, it is
known that invariance of the strain-energy function under superposed rigid-body motions is
equivalent to symmetry of the Cauchy stress [9].

This issue leads us to consider the transformation rules for the elastic and plastic de-
formations under superposed rigid-body motions. In a way, this question is moot if we
understand M to be a material manifold. For, M is then indifferent to the placement of its
points in E and the issue of invariance under changes of such placements does not arise [24].
The fact that K~! maps V at X € «, to Trq(,) would then lead naturally to the conclusion that
K is invariant under superposed rigid-body motions. This would then dictate, via (22), the
transformation rule H — QH, where Q(¢) is the spatially uniform rotation in the conven-
tional rule F — QF. This is tacitly assumed in most works concerned with the invariance
issue (e.g. [1, 26, 38—40]).

In the present work we proceed in a different manner that emphasizes the constitutive
character of the constituent elastic and plastic deformations. We know from conventional
theory that

F - QF (69)

in a superposed rigid-body motion, where Q(¢) € Orth*. This follows from the fact that
X — Qx + ¢ in such a motion, with x = (X, ¢) and ¢ a function of ¢ alone. We also assume
that

T — QTQ’, and therefore P — QP. (70)

The line of reasoning leading to (69) cannot be applied to H and K because there is no posi-
tion field in M associated with material points p. Instead, we appeal to the aforementioned
result in finite-elasticity theory and define superposed rigid-body motions by the requirement
that W(= W) have the same value at any two H related by a superposed rigid-body motion
Let H, () and H,(¢) be two elastic deformations so related and define Z(¢) = H,H]'. We
require that W(H’ 7'7H)) = W(H’ Hl) for H; € Lin with Jy, > 0. To obtain a necessary
condition we set H, = I and derive W (Z 7) = W(I). This is permissible because I belongs
to the domain of W. Our constitutive hypotheses imply that w(zZ! Z) > W(I) ifZ'Z # 1. The
two statements are reconciled only if Z'Z = I and it follows, since J, > 0, that Z € Orth™,
which is also sufficient. Therefore, in a superposed rigid motion,

H— Q. H, (71

where Qy is a rotation. Since the argument is local, this rotation may depend on x (or X)
in addition to ¢. It follows immediately from (71) that Cy and S(Cp) are invariant under
superposed rigid motions.

To obtain the transformation rule for the plastic deformation K, we assume that super-
posed rigid motions do not generate dissipation, so that the dissipations associated with any
two motions related by a superposed rigid-body motion are identical. Clearly £ is invariant
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under superposed rigid motions. This can be seen from (58) and the invariance of ¥, which
is implied by that of W and Jg, the latter following from (22), (69) and (71). Further, from
(48), (60) and (67) we have

E' = W(C)I - CyS(Ch), (72)

which is also invariant. Suppose K;(¢) and K,(¢) are two plastic flows related by a su-
perposed rigid-body motion and let Z () = K,K;'. These generate two local intermediate
configurations x;, and x;, from x, at X via the maps K;' and K;', respectively. We assume
the superposed rigid motion to commence at time fy so that Z(z)) = L.If D, = J ,;]18 ! -Kl_lKl
is the dissipation associated with K;, then the dissipation D, associated with K, satisfies

Jo,Dy = J, D, + & - K{'Z7VZK,. (73)
Invoking the invariance of Jx and the assumed invariance of the dissipation then yields
£ -K{'Z7VZK, =0, (74)

for any plastic flow K;(#). To obtain a necessary condition we set K; () = I at the point
p, which amounts to adopting x;, as the reference configuration for the superposed rigid
motion, this being permitted by the purely local nature of the argument. This in turn yields
& -Z7'Z = 0 and Z = K,, ensuring that Z(¢) is a plastic flow. As such it is subject to the
dissipation hypothesis (63), which is easily seen to be equivalent to the statement:

K+#0 ifandonlyif & K 'K> 0. (75)

It follows that Z vanishes and hence that Z(t) = Z(t)) = L. This is also sufficient for (74)
and for the invariance of the dissipation. Thus, K, = K, and K is invariant under superposed
rigid motions, i.e.

K- K. (76)

As a corollary, we then have Qy = Q(¢), implying that Q is spatially uniform.

In addition to furnishing the transformation rules for the elastic and plastic deformations
under superposed rigid motions, the strong dissipation hypothesis and our constitutive hy-
potheses on the elastic response also imply that plastic evolution ceases in the absence of
elastic distortion. For, if Cy = I then W and S vanish; therefore £ and & vanish, D = 0 and
(63) yields K = 0.

7. MATERIAL SYMMETRY

The function W (H) is subject to restrictions imposed by material symmetry. These are of
the kind one finds in conventional finite elasticity theory and are crucial to the understanding







































